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Abstract

Suppose E1, s are elliptic curves over the complex numbers equipped with standard double
coverings 7;: E; — P!; ramified in the two-torsion points of FE;. Let F;[oc] be the torsion
points on FE;. In [BFT18|, Bogomolov, Fu and Tschinkel ask if the number of points in
1 (E1[00]) Nme(E2[oc]) is uniformly bounded over all pairs of curves where the branch loci
of m; and 7y do not coincide. This was answered affirmatively in [DKY20, Kueh21}|Gao21,
DGH21,|GGK21| and also [Poi22-1,|Poi22-2|, but realistic effective bounds are unknown.

In this thesis, we obtain such realistic bounds for common projective torsion points
on elliptic curves under some mild extra assumptions on the reduction type of the input
data at given primes. The method is based on Raynaud’s original work on the Manin-
Mumford conjecture [Ray83-1, Ray83-2]. In particular, we generalise several of his results

to cases of bad reduction using techniques from logarithmic geometry.

The problem of Bogomolov-Fu-Tschinkel, along with the Manin-Mumford conjec-
ture belong to the unlikely intersections of arithmetic geometry. We discuss some related
problems in this area including Lang’s conjecture on torsion points lying on curves in the
2-torus. Using the techniques of Beukers-Smyth, we give a much simpler and more con-
ceptual proof of a result of Fu on roots of unity under projective equivalence that also falls

under the umbrella of unlikely intersections.
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Introduction

Common projective torsion of points of pairs of elliptic

curves

Let E be an elliptic curve over the complex numbers. A standard double cover 7 : E — P!
is a double cover of the projective line by E compatible with the inversion map ¢ : £ — F
in the sense that m o+t = w. A standard double cover is ramified in the 2-torsion points
E[2] of E. We write 7(E[2]) = {a,b,c,d} C P! for the set of branch points and let F[oc]
denote the torsion subgroup of E. In [BFT18|, Bogomolov-Fu-Tschinkel were interested
in comparing the torsion points of pairs of elliptic curves over the complex numbers. To
do this, they considered pairs of elliptic curves with standard double covers (m;, E;) for
i = 1,2 and studied the set of common projective torsion points mi(FE1[oc]) N me(Ey[oa]).
The authors showed that, whenever the branch loci 1 (£} [2]) and mo(E5[2]) do not coincide,

this intersection is finite. Indeed, considering the curve:

Xf—>E1><E2

L e

Apl —> F)1 X Pl

where Ap: is the diagonal and X is its preimage under the product of the standard double
covers, an easy calculation shows that the condition on branch loci ensures that X is
integral and of geometric genus > 2. This places us in the situation of the Manin-Mumford

conjecture:

Theorem. Let X — A be an integral curve of geometric genus g in an abelian variety

defined over C. Let A[oc] denote the torsion subgroup of A. Then the intersection:
X N Afoc]

is finite unless X = E + a where E is an elliptic curve, and a € Aloo]. In particular, if
g > 2 then, the set of torsion points of X 1is finite.

The conjecture was raised independently by Manin and Mumford in the classical
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setting of a smooth curve C' of genus > 2 embedded in its Jacobian C' — J and was first
proven by Raynaud [Ray83-1]. Bogomolov-Fu-Tschinkel conjectured that, among pairs
(E;,m;) of standard double covers whose branch loci do not coincide, there is a uniform
bound c, such that:

|71 (E1[o0]) N ma(Ea[o])] < ¢

that does not depend on either curve E;. Recently, several authors [DKY20|Kueh21|Gao21,
DGH21,GGK21| managed to show, as a corollary of their work, that there exists a uniform
constant ¢ satisfying the above conjecture. Poineau in |P0i22-1}P0i22-2| also proved this
using a different technique involving Berkovich spaces over the integers, and dynamics of

Lattes maps.

To the best of our knowledge, these approaches have so far failed to determine
the minimal possible ¢ above and have not yielded effective realistic bounds. On the
other hand, one knows pairs (E;, ;) for which the number of common projective torsion
points |m1(E; [00]) N e (Ey[oo])| is comparatively large [BF17,FS19]. The current record is
34 |FS19]. In this thesis, we aim to provide a realistic bound ¢ on the common projective
torsion points of pairs of elliptic curves, which holds when certain geometric conditions
are met. To do so, we employ Raynaud’s original proof of the Manin-Mumford conjecture
[Ray83-1] applied to the curve X = (m; x m3) 1 (Ap1) < B x Ey = A.

By a specialisation argument, one restricts to the case where the input data is
defined over a number field. Raynaud then passes to an unramified extension K of Q, with
algebraically closed residue field k for some prime p > 0. Taking a model 2~ < &/ over
the ring of integers R of K, he thus degenerates the situation to positive characteristic.
It is essential for Raynaud’s method that R is an absolutely unramified discrete valuation
ring, and that both 2" and &7 have good reduction at p. A simple argument then shows
that the coprime-to-p torsion points of A, lying on X, inject into the image of the following

intersection:

2 (R) N pet (R) — 2 (k)

where the map is given by specialisation to characteristic p > 0. Thus, it is sufficient to
find a bound on the cardinality of this image. First, he verifies that the above image is
indeed a finite set. When & has good ordinary reduction, this can be done by studying lifts
of the Frobenius morphism on smooth curves in positive characteristic. Then, assuming
finiteness, he describes a bound on the cardinality which is expressible in terms of an
intersection number on the special fibre 7, when A has dimension 2. It is a non-trivial
problem to extract tractable bounds from Raynaud’s approach. We do this in the case
where X is the preimage of the diagonal (7 X 73) ™' (Ap1) embedded in the product of two
elliptic curves E; x Es to obtain the following realistic bounds on the number of common

projective coprime-to-p torsion of pairs of elliptic curves in Theorem [5.1.8}



Theorem. Let (E;,m;), i = 1,2, be a pair of elliptic curves equipped with standard double
covers m; : 5; — Pl defined over a number field L. Fix a place v of L lying over a prime

p > 2 for which:
i) v is unramified over p;

ii) Ey and Ey have good reduction at v;

iii) The scheme of common branch loci m (E1[2])) N me(E2[2])) has rank < 4, and the

rank remains constant after specialisation mod v.

Given the assumptions above, one obtains the following bound on the number of

common projective torsion points of Ey and Ey of order coprime-to-p:
1 (Ea[oo] ) Ny (B loc] ) | < 297 + 8.

Moreover, we show that this bound can be sharpened in a number of cases in
Corollary [5.1.9, Combining this bound with information on the action of the inertia group
I on the group of p-primary torsion points (E; x Ey)[0o]®), one is able to extend the

above result to a bound on the number of common projective torsion points of any order.
This is the content of Theorem [5.1.10l

Of course, to show that the above bound is uniform, we need to say something about
pairs of elliptic curves F; and Es with bad reduction at the given prime p > 0. Indeed,
suppose that one or both of the elliptic curves F; have bad multiplicative reduction, then
there exists a proper minimal Weierstrass model #; — Spec(R) of E;. Let o/ denote the
product of the minimal Weierstrass models of E; and EFy and let &/ denote the smooth
locus over Spec(R). The main obstruction to extending the bounds obtained to the case
of multiplicative reduction is that the special fibre of the proper model o7}, is no longer
normal, and so one cannot hope to directly obtain the same intersection theoretic bounds in
this case. To avoid this, we translate the situation to the smooth relative surface P x r Pk
by working with extensions m; p : #; — P}% of our standard double covers. In this context,
we are able to show that the following analogous bounds hold in Corollary [8.1.4}

Theorem. Let (E;,m;), i = 1,2, be a pair of elliptic curves equipped with standard double
covers m; : E; — Pl defined over a number field L. Fix a place v of L lying over a
prime p > 2 for which v is unramified over p. Suppose that FEy and Ey have at worst bad
multiplicative reduction at v and satisfy Assumption[8.1.3. Then one obtains the following
bound on the number of common projective torsion points of Ey and Eo of order coprime-
to-p:

m (B [OO](p/)) N (B [OO](p,)>‘ <2p° +2.
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As in the case of good reduction, these bounds are only valid when the image of:
2 (R)Npdd (R) — Z (k)

under reduction mod p is finite. To show this, the key idea is that many of Raynaud’s
arguments can be extended to the log smooth setting. Indeed, after endowing the minimal
Weierstrass models #; of E; and Spec(R) with appropriate log structures, the models
become log smooth. By extending a number of Raynaud’s results to the log smooth setting,
in particular his Frobenius lifting argument, we are able to show the desired finiteness result
under certain mild geometric conditions (cf. Theorem [8.1.7)).

Unlikely intersections and uniformity

Bogomolov-Fu-Tschinkel place their problem amongst the unlikely intersections of arith-
metic geometry. This is an umbrella term for a collection of problems following the same
very general set-up, and can be first attributed to Zannier [Zan12]. Let A be a geometric
group object (e.g. an affine group variety, abelian variety or even a moduli stack of group
schemes). First, we define what it means for a point @ € A to be special (e.g. a torsion
point). Then, we define what it means for a subspace X < A to be special (e.g. a torsion

coset). Finally, we qualitatively describe the special subspaces by asserting that:
X < Ais special <= X N {special points of A} C X is Zariski dense.

Consider a smooth curve X embedded in its Jacobian Jx = A over a number field
L. Suppose we take L-rational points as our special points. Of course the L-rational points
of X form a dense subset if and only if they are infinite in number and we arrive at the
Mordell conjecture (Falting’s theorem [Fal86]). In this case, a curve X is special if and only
if it is the translate of an elliptic curve of positive rank. If we change the notion of special
point to mean a geometric torsion point, then we arrive at the Manin-Mumford conjecture.
Both of these conjectures were unified into the Mordell-Lang conjecture [Lang65|. The first
proof of the Mordell-Lang conjecture was given by McQuillan [McQ92].

This idea can be generalised in a number of directions. Replacing the curve X — A
by a higher dimensional subvariety, we can still ask when X is a coset of a subgroup.
Replacing A by any semiabelian variety B i.e. an extension of an abelian variety A by a
torus GJ,:

0—=-G, -B—>A—=0

we obtain a generalised Mordell-Lang conjecture which was settled by Vojta [Voj98]. An
even further abstraction is given by the André-Oort conjecture where we replace A by

a Shimura variety /. The definition of &7 is rather technical; informally it is a moduli

xii



space of abelian varieties and arises from a quotient of a complex analytic domain by
an arithmetic group. The ‘special’ points of a Shimura variety are so-called CM points
corresponding to abelian varieties in the moduli space &/ with complex multiplication.
The André-Oort conjecture attempts to classify the special Shimura subvarieties of &7 as
closures of CM points. A proof was given by Klingler and Yafaev, conditional on the
generalised Riemann hypothesis [Kli-Yaf14]. The final ingredients for a full proof were
provided by Pila, Shankar and Tsimerman [PST21].

Each of the problems mentioned can be thought of as qualitative descriptions of the
special subspaces. Conversely, one may ask if there is a quantitative description of the
non-special subspaces. In the context of Falting’s theorem, Mazur conjectured that there
exists a constant ¢ = ¢(g,d) such that, for all smooth, irreducible, projective curves X of
genus g > 2 defined over number fields L of degree d over Q we have | X (L)| < ¢ [Maz86| p.
234]. Coleman’s theory of p-adic integration, combined with Chabauty’s method gave a
new proof Falting’s theorem over Q [Col87], and also an effective bound ¢ in the case where
the Mordell-Weil rank r (i.e. rank of Jx(Q)) satisfies the inequality » < g. In more recent
work of Katz, Rabinoff, Zureick-Brown [KRZ-B16|, the authors were able to show that a
constant ¢ = ¢(g, d) exists depending on g and the degree d = [L : Q], but again with some

(less restrictive) conditions on the Mordell-Weil rank (in this case being ‘small’).

Mazur conjectured more generally that a ‘uniform Mordell-Lang conjecture’ should
hold. Work of Dimitrov, Gao and Habbegger [DGH21| provide such a statement; improving
the results of [KRZ-B16] by allowing any Mordell-Weil rank. Moreover, this gives us a
uniform constant ¢ = ¢(g) such that for all smooth, irreducible, projective curves X of
genus g > 2 defined over C we have | X (C) N Jx|[oo]| < ¢ for any embedding X < Jy of X
into its Jacobian. [DGH21] show the existence of a constant ¢ = ¢(g, d) when X is defined
over a number field L of degree d. The degree hypothesis was removed by additional
work of Kithne [Kueh21|. However, it should be noted that the bounds obtained are far
from effective and computable and so do not provide the ‘realistic’ bounds we seek for the

Bogomolov-Fu-Tschinkel conjecture.

Lang’s problem on curves in the torus and projective

equivalence of roots of unity

As a warm-up to our study of Raynaud’s proof of the Manin-Mumford conjecture, and
its application to the problem on projective torsion points of Bogomolov-Fu-Tschinkel, we
consider the following problem of Lang. Given an irreducible curve X in the algebraic
2-torus G2, ¢, Lang proved that the intersection X NGZ, -[oo] is finite if and only if X is not
the translate of a sub-torus (isomorphic to G, c) by a pair of roots of unity ({3, (2) [Lang13].

This can be understood as the affine analogue of the Manin-Mumford conjecture. Indeed,
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the proof is thematically similar, as it require some information of the Galois action on

torsion points and an argument coming from intersection theory in the ambient space G2 ..

As with the other unlikely intersections problems, one can ask if there is a uniformity
statement. Namely, if one considers curves of a fixed degree d > 0 (by embedding G%%C
in PZ), then is there a uniform constant ¢ such that [X N G2, c[oo]| < ¢ for all non-special
curves X of degree d > 07 A positive, and almost-optimal answer to this question was

given by Beukers-Smyth [Beu-Smy02].

Again, drawing the analogy between the Manin-Mumford conjecture and Lang’s
problem, one can also ask the analogue of the Bogomolov-Fu-Tschinkel conjecture in the
affine case. Namely, given two projective automorphisms 7,7, € PGL(2,C), when is
the intersection 71 (foo) N Y2(fteo) finite? Moreover, among the pairs ;1,7 for which this
intersection is finite, can one give a bound on the size of this intersection? An answer to this
question was given by Fu [Fu22|, where he was able to show that this intersection contains
at most 14 points when it is finite, and he calculates the possibilities for this maximal
intersection up to projective equivalence. Applying the methods of Beukers-Smyth we are

able to provide a simple and conceptual proof of the following (slightly weaker) uniform
bound in Corollary

Theorem. Let i, C PE denote (an embedding of) the set of all roots of unity. Suppose
that v1,7v2 are projective automorphisms such that 1 (o) N Y2(teo) S a finite set. Then
the following uniform bound holds:

171 (Hoo) N Y2 (1100 | < 18.

Structure of this thesis

This thesis is separated into three parts. In Part I, we discuss Lang’s problem on torsion
points lying on curves embedded in the 2-torus, the uniformity result of Beukers-Smyth
and our simplified proof of Fu’s result. In Part II, we develop the necessary background to
describe Raynaud’s proof of the Manin-Mumford conjecture in the most general setting.
In Section we state some basic properties of local fields and introduce the Witt vectors

which will play an important role throughout.

In Section [3.2] we recall the basic properties of abelian varieties and how these
notions behave in families by working with abelian schemes. We also study finite flat
group schemes over discrete valuation rings and introduce the notions of Cartier duality
and the connected-étale sequence with a view of studying the torsion subgroup schemes of

abelian schemes.

We then study the p-divisible groups and formal groups associated to an abelian

scheme in Section [3.3] These will turn out to be more refined invariants and play an
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important role in the theory of Serre-Tate moduli in Section [3.6 In Section [3.4] we
study curves in positive characteristic. Most notably, we discuss the nature of inseparable

coverings and the Cartier operator which are unique to characteristic p > 0 geometry.

In Section 3.5 we introduce some classical results from deformation theory, paying
particular attention to what happens in the mixed characteristic setting. In Section [3.7],
we study the Galois representations of elliptic curves with good reduction. In particular,
we want to use the Galois theory of local fields to give concrete descriptions of the images

of inertia on the p-primary torsion of elliptic curves.

In the remainder of Part II, we detail Raynaud’s proof of the Manin-Mumford

conjecture. This can broadly be split into three parts:

i) We show that the image of the intersection 2" (R) N po/(R) — Z (k) is finite by
studying the normal bundle of 2} in & in Prop. [4.1.14]

ii) Assuming finiteness, we then provide a bound on the cardinality of this image in

Cor. L.1.16

iii) We then extend this bound to a bound on the number of torsion points of an abelian

variety A of any order that lies on an embedded curve X by studying the inertia
action on p-primary torsion in Prop. [£.1.34]

Finally, returning to the setting of Bogomolov-Fu-Tschinkel, we calculate what
bounds can be obtained for the number of common projective torsion points of elliptic

curves with good reduction at a given prime p > 0 using Raynaud’s method. This is the
content of Thm. 5.1.8 and Thm. 5.1.10

In Part I1I, we describe generalisations of the results in Part II to the semistable set-
ting. In Section[6.1] we discuss Néron models & /R of elliptic curves E/K. In the semistable
setting, & /R will not in general be an abelian scheme but a non-proper R-group scheme.
Using the Tate uniformisations of elliptic curves with multiplicative reduction, we are able
to study their associated torsion group schemes and inertia representations as in Part I.
We then discuss the Semistable Reduction Theorem and Grothendieck’s Semistability Cri-
terion in Section [6.2] This generalises the Néron-Ogg-Shafarevich criterion, and is crucial

to understanding how Raynaud’s proof should extend to the semistable case.

The final piece of background we discuss is in Section [7.1] on the relevant facts used
from logarithmic geometry for the results in Section [8.1] Furnishing the semistable models
constructed in Section [6.1| with appropriate log structures, we show that they are log
smooth and are able to extend many of Raynaud’s results to the semistable case using this
fact. Finally, we show that one may obtain analogous bounds on the number of common

coprime-to-p torsion points of pairs of elliptic curves with at worst multiplicative reduction
at a given prime p > 0 in Cor.

XV



Part 1

Lang’s problem on torsion points of
curves in the torus and projective

equivalence of roots of unity

xXvi



Chapter 1

Torsion points on curves in the torus

1.1 A problem of Lang

Let f € C[z,y| be an irreducible polynomial and let po, = {¢ € C| ("™ =1 for some n > 0}
denote the set of all roots of unity. In [Langl3], Lang posed the following problem. When

is the set:

1(C15C2) € poo X poo | f(C1,G2) = 0}

finite? As oo € G, c, one may ask the same question for any Laurent polynomial f &

Clr,z7 Y y,y7!]. Setting X = {f =0} C G2 ., we may equivalently ask when the set:

m,C»

XN Gi%c[oo]

of torsion points of the algebraic 2-torus lying on X is finite. One may consider the above
the affine analogue of the Manin-Mumford conjecture for curves in abelian surfaces. Recall
that any 1-dimensional, connected subgroup of the 2-torus is a copy of G,, c embedded as
a Laurent polynomial:

Gnc={z"y"—1=0} C Gfmc

2

. c, we define

where m, n € Z are coprime. Given a point (a,b) € G2, ¢ and a curve X C G
the translate of X by (a,b) to be the curve:

(avb) X = {(ax>by) S GEn,C | (xvy) < X}

If X = {f(x,y) = 0}, then (a,b) - X is the vanishing locus of the polynomial f(a"'z,b 'y).

Definition 1.1.1. We say that a curve in the X C G ¢ is a torsion coset if there is a
1-dimensional, connected subgroup H < an,c and a pair of roots of unity (¢1,() € 3
such that:

X =(¢,¢) - H

It is clear that, for any torsion coset X, the intersection X Np2 is infinite. However,

1



the converse also holds:

Theorem 1.1.2. Let X C G%%C be an irreducible curve. Then the intersection:
XN Gmp[OO]Q

is infinite if and only if X is a torsion coset.
Proof. See [Langl3, Ch. 8, Theorem 6.1]. m

Let Q* denote the maximal abelian extension of Q; i.e. the union of all finite Galois
extensions L/Q such that Gal(L/Q) is abelian. This can be constructed by adjoining jis.
to Q. Suppose that X = {f = 0} is irreducible and, without loss of generality, assume
that one of the coefficients is 1. Let K be the field obtained by adjoining the coefficients
of f to Q*. Then, if K D Q" there exists some conjugate o : K < C such that fo # f,
but o|gsr = Idgas. This means that the irreducible curve X7 = {f? = 0} contains the

intersection X N G,, c[oo]* and so:
X NG,cloof” € X NX°.

As we normalised the coefficients of f, the curves X and X7 are distinct and so
by Bézout’s theorem, this is a finite set, and so the problem of Lang only becomes inter-
esting when we work over the algebraic extension Q**/Q. Indeed, Lang’s proof has two
essential components, he studies the Galois theory of finite Kummer extensions and how
this interplays with the intersection theory on the 2-torus coming from Bézout’s theorem.
We will see that the Manin-Mumford conjecture has a similar proof in spirit. Namely, the
torsion points on an abelian variety are understood by their Galois action, and some type

of intersection theory is required to prove the desired finiteness result.

1.2 Uniformity and roots of unity on curves in the

torus

As with the Manin-Mumford conjecture, or the problem of Bogomolov-Fu-Tschinkel, one
can ask whether there is a uniform version of Lang’s problem. In general, when one’s
attention is restricted to irreducible curves X that are not torsion cosets, the size of the
intersection X NG,, c[0o]? grows with the degree of X. Thus, it is an interesting question to
ask whether the size of this intersection is uniformly bounded amongst curves of bounded
degree. An affirmative answer was given by Beukers and Smyth [Beu-Smy02|. Given a

Laurent polynomial f = Zl ; a;jx'y’ one defines the Newton polytope to be:
Newt(f) = Conv({(i,j) € Z* | a;; # 0}) C R®.

2



We let Vol(f) denote the area of the Newton polytope of f. Note that, if f € C[z,y]
has degree d, then Newt(f) is contained in the triangle with vertices (0, 0), (d,0) and (0, d),
and so Vol(f) < 1d2.

Theorem 1.2.1. Let f(x,y) be an irreducible Laurent polynomial, and let X = {f = 0} C

G%%C denote the corresponding curve. If X is not a torsion coset, then we have that:
| X NG| < 22Vol(f).

We now illustrate the method of Beukers-Smyth. A crucial ingredient is the inter-
section theory on the 2-torus coming from mixed volumes. We first note the following

invariants associated to a Laurent polynomial defined using convex geometry:
Definition 1.2.2. Let g = >_, ;)72 a;;2"y’ be a Laurent polynomial.

i) The support of g is the set of lattice points:
Supp(g) = {(i,) € Z* | ai; # 0}.
ii) The lattice associated to g is the abelian group generated by the set of differences:
L(g) = {(i.4) = (7, 3') | (i,), (7", J") € Supp(g))-
iii) The rank of L(g) is either 1 or 2. When the rank is 2, we say L(g) is full if it

generates Z2.

Note that the Newton polytope of g is the convex hull of its support. The following

can be considered a ‘toric’ analogue of Bézout’s theorem:

Lemma 1.2.3. Suppose f(z,y) and g(z,y) are Laurent polynomials over C such that
X ={f=0} and Y = {g = 0} have no common component. Then:

|X NY| < Vol(Newt(f) + Newt(g)) — Vol(f) — Vol(g).

Proof. See [Ful93, p. 122]. O

We now rule out certain degenerate cases based on the above definitions. Fix a
Laurent polynomial f and write X for the associated curve. Suppose first that L£(f)
has rank 1. Then one can write f(z,y) = g(z%®) for some monomial x%?°, and some
polynomial g € Clz,z7!]. If g has a solution g(¢) = 0 for a root of unity { € fis, then

there are an infinite number of solutions 7%” = ¢ and X is a torsion coset. On the other



hand, if g has no solutions in g then X N p% = 0. Again, if f is not defined over Q2

then there is some conjugate o such that:
Xnup2 CcXnNnXxe.
By the toric Bézout theorem, this intersection is bounded by:
Vol(Newt(f) + Newt(f?)) — Vol(f) — Vol(f?) = 2Vol(f).

Based on this discussion, we make the following assumptions:

Assumption 1.2.4. Let f € Clz,z ', y,y~"| be irreducible and write X = {f =0} C G2, ¢

denote the associated curve. We assume the following:
i) After rescaling so that 1 is a coefficient of f, f is defined over Q.

ii) The associated lattice L(f) is full.

We now illustrate the general method of Beukers-Smyth to bound the size of the
intersection X Np2, for a curve X = {f = 0} satisfying Assumption Note that, there
is some (y of order N > 0 such that X is defined over Q({x). For ease of exposition, we will
assume that N = 1, with the general case working similarly with some extra information
about the action of Gal(Q((x)/Q) (see for example [Beu-Smy02, p. 5]). Consider the

following collection of polynomials:

filz,y) = f(x, —y),
foz,y) = f(=2,y),
fs(z.y) = f(=z,—y),
falz,y) = f(2*,97),
fsl,y) = f(2?, =),
folx,y) = f(=2*,y°),
folw,y) = f(=2*,—y?)

and let X; = {f; = 0} for i = 1,...,7. We claim that, with our assumptions on f, X has
no common component with X; (i.e. f and f; are coprime), and if ((,{’) € X N p2,, then

(¢, (") € X; for some i. Assuming this, we would have:

7
X npZ] <Y IX N

i=1

To prove the second point we use the following elementary lemma:



Lemma 1.2.5. Suppose (n is a primitive N-th root of unity. Then it is Galois conjugate

to one of:

—(y if N=0 (mod4),
—( if N=2 (mod 4),
(% if N odd.

Proof. We have that Gal(Q({x)/Q) = (Z/NZ)*. Moreover, an integer a is a unit modulo N
if and only if ged(a, N) = 1 and so the last statement is clear. So suppose that NN is even and
write N = 2M. Then —1 = (M. If M is even then ged(M +1,2M) = ged(M +1,2) = 1 and
so the first statement follows. Similarly, if M is odd then ged(M+2,2M) = ged(M+2,2) =

1, thus the second statement. O

If (¢, (') are roots of unity on X, then for some a,b, N > 0 we can write:

(¢, <) = (¢ CR)-
Then, by the above, there exists an automorphism o : Q({y) — Q({y) sending:

CN'_> _CN7C]2V or _C]2V7

and therefore o(f(C%,C%)) = fi(C%, %) = 0 for at least one 1.

To show that X has no common component with X; we note, for i = 1,2, 3, that f |
f; would imply £(f) is of rank 1. For example, if f | fi then f = f, and f(x,y) = g(z,y?)
for some Laurent polynomial g and L£(f) is not full. So assuming that f, fi1, f2, f3 have no
common factors, if f|fy then similarly ffifofs|fs which is a contradiction by considering

degrees. A similar argument shows that f 1 f; for i = 5,6, 7.

We have that Vol(f;) = Vol(f) for i = 1,2,3 and Vol(f;) = 4Vol(f) for i = 4,5,6,7.
Applying the toric Bézout theorem, we obtain the bound of:

7
X N <D0 1X N XG| < 22V0l(f).

=1

Remark 1.2.6. Suppose that f is a Laurent polynomial such that £(f) is not full, but has
rank 2. Then there is an integer valued basis (a, ¢), (b,d) of R? such that:

Lf)=Z-(a,c)®Z-(b,d).

Then, after potentially re-ordering the basis, the index of L£(f) in Z? is given by the



determinant:

ol e

Thus, there exists some Laurent polynomial g with £(g) full such that:
g(zy,2"y?) = f(z,y).
On one hand, the toric morphism:

2 2 .
Gm,C 5 Gm,C’

(z,y) — (z"y°, 2"y%)

is degree ad — be, and sends pairs of roots of unity to pairs of roots unity. On the other
hand, we have the equality:
Vol(f) = |ad — be|Vol(g)

so we may assume without loss of generality that all lattices are full.

For the general case, when f is minimally defined over some field Q((y), we refer
to [Beu-Smy02, 3.4]. Indeed, there is a case-by-case analysis depending on the residue of
N mod 4 that provides a similar collection of curves X; sharing no common component
with X, and that contain all pairs of roots of unity lying on X. In each case, one obtains
at worst the bound 22Vol(f).



Chapter 2

Projective equivalence and roots of

unity

2.1 Projective equivalence and roots of unity
Recall that the projective automorphisms of P are given by the Mobius transformations:

az+b
cz+d

PGL,(C) {7(2) - | ad — be # 0}.

We say that two subsets S, S C P¢ are projectively equivalent if (S) = S’ for some
projective automorphism . If S, 5" C ., we say that S and S are trivially equivalent if

7(S) = 5" only when v(eo) = pio- In [Fu22], Fu proves the following:
Theorem 2.1.1. Suppose that S, S’ C e are non-trivially, projectively equivalent. Then:
|S] = 9| < 14.
Moreover, modulo projective equivalence, there are two distinct possibilities Sy, S for which
)
Sl — {1 C CQ €3 C4 CS CG CQ gll C14 CIS C22 C25 C27}

where ¢ is a primitive 30-th root of unity;

i)
_ 2 4 6 8 12 22 31 40 50 54 56 58
SQ_{]‘7w7w 7w JW 7w 7w 7(/(.) 7w 7w 7w 7w 7w 7w }7

where w is a primitive 60-th root of unity;

Fu’s method is algorithmic in nature, however does provide explicitly the sharpest

bounds, and computes the maximal examples.

7



Remark 2.1.2. The torsion subgroup G,, c[oc] is given by 1. To view the torsion subgroup

in P&, we make a choice of embedding G,, ¢ < P¢ i.e. a choice of homogeneous coordinates:

1
Gm,C ? PCa

z— [1:2].
Any such embedding is unique up to a projective automorphism of P¢ (i.e. a change of

coordinates).

In view of this remark, we reframe Fu’s result as follows: Let ¢; : G, c — p!
(7 = 1,2) be two embeddings as above. Then there exists a uniform bound on the number

of common torsion points:
11(Gm.c[00]) N 12(Grm c[o0]),

as long as the intersection is not infinite. In this way, Fu’s theorem is the analogue of the
Bogomolov-Fu-Tschinkel conjecture where we replace pairs of elliptic curves with standard

double covers with pairs of embeddings of the 1-torus in P¢.

By complete analogy, one may bound the number of common roots of unity of
two projective embeddings by studying the diagonal Ap: C P! x P!. Using homogeneous
coordinates ([xq : 1], [yo : ¥1]), the diagonal is given by Ap: = {g = 0} where:

9 = ToY1 — T1¥o-
Write y(zg, 21) = [azo + bxy : cxo + dxq] for a Mobius map + and let:
f = (axg+ bx1)y1 — (cxo + dz1)Yyo-
Then the curve X = {f = 0} fits into the following Cartesian diagram:

X —— P'x P!

|

Apr —— P! x P!

where the vertical arrows are isomorphisms. Then, to bound the intersection ¥(fi00) N fhoo,

it is equivalent to bound the intersection:
X Nl

From this perspective, one may directly apply the results of Beukers-Smyth. Firstly, we



note that X is a torsion coset if and only if v € H < PGLy(C) where:

1
H = <C377_ |C€ﬂoo>-
x
As the method dictates, we consider the following collection of polynomials:

(z,y) = f(z,—y) = (ax + b) + (cz + d)y,

(x,y) (—z,y) = (—ax +b) — (—cx + d)y,

(z,y) = f(=2,~y) = (—az +b) + (—cz + d)y,
falz,y) = f(2°,9°) = (az® + D) — (ca® + d)y’,

(z,y) = f(a?, —y*) = (az® +b) + (ca® + d)y?,

(z,9) = f(=2*,y*) = (—az® + D) — (—c2® + d)y?,

(z,y) = f(=2* —y°) = (—az® + ) + (—ca® + d)y’.

8

Noting that, the curves X and X; have no common intersection in G2, for i = 1,2, and
that Vol(f) = 1, we obtain the following as a corollary of Theorem [1.2.1}

Corollary 2.1.3. Let v € Mob(C) \ H. Then we have the following uniform bound:
X N pZ| <18,

where X = (v x Id) 71 (Ap1). Moreover, if v € H then X N u? is infinite.

This is not a sharp bound unlike the result of Fu, however, the proof of the above

is considerably shorter than Fu’s calculations.

2.2 Maximal examples

In the maximal examples of Fu, where the largest possible intersection of 14 points is

attained, we can describe precisely how the method of Beukers-Smyth fails to be sharp:

Example 2.2.1. Let ¢ be a primitive 30-th root of unity. We consider the matrix:

B a b B _<7_<6_|_C2 <7_C2
e gl T | o1

Note that, in Q(¢) we have the identity:

C==(-C+C+ -1,



thus we can write:

_[e-¢-cer -
"= 1 61 .

Writing € = —¢3 (a primitve 5-th root), then A is defined over Q(¢):

_[-e-grer1 -2 -c-1
"= 1 e .

Correspondingly we have the polynomial:

flay) = - ++ a4+ - -—1—ay+ (€ + 1)y

Interpreting the calculations in |[Fu22|, one can check that the curve X = {f = 0} contains

the following pairs of roots of unity:

X NpZy ={(1,1),(¢, ¢, (3, ¢), (%, ¢, (¢4, ¢"), (€°,¢19), (¢, %), (¢, ¢,
(€M, ¢%),(¢1,6%), (€%, ), (€%, ¢%), (€%, ¢%%), (¢*, ¢*)}
={(2,7(2)) | z € S1}.

Again, we consider a selection of polynomials:

filz,y) = (2, —y),
foz,y) = f(=2,y),
fa(z,y) = f(—z,—y),
fala,y) = (2%, %),
fs(z,y) = f7 (2%, —y?),
fo(z,y) = f7(=2,9),
fo(w,y) = f7(=2*, —¢?);

where o is given by ¢ — £2. Then, one may compute where the roots of unity that lie on

10



X are distributed amongst the curves X; = {f; = 0} C (Q(£)*)*

XNnX;,=0,

XNXy =10,

XN Xz ={(¢¢" (¢, ¢
XNXy={(1,1),(¢%¢"), (¢%¢"™), (¢, ¢*},

XN X5 ={(¢%¢), (¢ ¢"), (¢, ¢%), (¢*,¢™)},
XN Xe={(¢, %), (¢ ¢"), (¢, ¢*), (¢*,¢*)3,
X0 X7 ={(¢%¢), (€% ¢, (¢'%,¢, (¢, ¢}

Note that the 18 points in the above intersections overcount the number of roots of unity

precisely by the pairs (¢3, (%), (¢'®, (?*) appearing on X3, X4 and X7.

Example 2.2.2. Let w be a primitive 60-th root of unity. We consider the matrix:

[a b] [—w14—w12—w10+w4+w2+1 Wi+ w2 4 W0 — Wb — Wt — W2
’)/2: e

c d w2 4 w0 4 w8 — 2 —w!? — w0 — ¥ — Wl w241

Again, this matrix is defined over a subfield Q(n) where n* = —w is a primitive 15-th root

of unity:

"+ + = =n+1 =" =0 =+ P+ 09>+

T2 =
—nS = =nt+n "+ +nt+nd—n+1

Correspondingly, we have a polynomial:

g@y) =" +n°+n" =’ —n+Dz—n"—n’ ="+’ + > +n
+ 0+’ 0t —nzy— 0+ 0"+ 0t + 0P —n+1)y.

Again, using the results of [Fu22], one can check that the curve Y = {g = 0} contains the

following pairs of roots of unity:

Y02, ={(1,1), (0, w"), (W w'®), (0! w®), (W%, w*), (W w™), (@', ™),
(w22’ w38)’ (w31’ w39)’ (w40’w40’ (w507w42)’ (w54’ w44)7 (w56’ w46)’ <w587w50)}

={(z,72(2)) | z € Sa}.

11



We now have a selection of polynomials:

gi(z,y) = gz, —y),
92(z,y) = g(—,y),
93(z,y) = g(—z, —y),
ga(x,y) = g7 (2%, y?),
g5(x,y) = g7 (2%, —y?),
g6(x,y) = g7 (=%, ),
gr(x,y) = g7 (=2, —%);

where 7 is given by n — n?. Again, one computes where the roots of unity on Y are
distributed among the curves Y; = {g; = 0} C (Q(w)*)*:

YNy, =90,
YﬂYzz(b7

(
Y m }/;l = {(17 1 ) <w407w40)7 (w127w36)7 (w47w28>}7
YN Y5 — (w87 w34)’ (w567 w46)}7

(w6’ w32)7 (wt’)47 w44)}’

(

YN Yv? — { w227w38)’ (w507w42)’ (W2’wl8)7 <w58’w50)}‘

In contrast to Example the above intersections consist of exactly 14 points in
(Q(w)*)?. However, the curves Y; and Yz both intersect Y in (C*)? in two additional

points which are not pairs of roots of unity.

12



Part 11

The case of good reduction
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Chapter 3

Preliminaries

3.1 Local fields

3.1.1 Background on local fields

Here we discuss some background on local fields. In particular, we develop the basic Galois
theory required to describe the local Galois representations attached to elliptic curves in
Section Our main reference will be [Ser13].

Completion of a ring

Let R be a commutative ring and I an ideal. Consider the inverse system:
.. = R/I* = R/I,

given by projection. The inverse limit hg R/I™ =: R is called the (I-adic) completion of R.
For each n, the natural map R — R/I"™ induces a ring extension R — R by the universal
property. Alternatively phrased, one may define the Krull topology on R by declaring {1}
as a basis of open neighbourhoods of 0 € R. The [-adic completion R is then simply the
completion of R with respect to the Krull topology.

Example 3.1.1. i) Let p > 0 be a prime. The p-adic integers Z, are the completion
of Z with respect to (p).

ii) Let R be a noetherian ring. The completion of Rl[ti,...,t,] with respect to I =

(t1,...,tn) is the ring of formal power series R[t1, ..., t,].

Definition 3.1.2. Let R be a principal ideal domain. We say that R is a discrete valuation
ring (DVR) if it has a unique, non-zero prime (maximal) ideal m. Any generator = of m
is referred to as a uniformiser of R. Note that any two uniformisers differ multiplicatively

by a unit.

14



The non-zero ideals of R are of the form m”. In particular, if we fix a uniformiser 7,
we may express any non-zero element uniquely in the form u - 7" where n > 0 and u € R*.

This defines the associated discrete valuation on R:

v: R\ {0} — Z>;

(u-7") — n.
Let K denote the field of fractions of R. Then, again we have a unique expression:
K={u-7"|neZandu e R} U{0}

and we extend our discrete valuation v : K* — Z. Note that we have the properties:
i) v: K* — Z is a surjective homomorphism.
ii) For all z,y € K we have: v(z +y) > inf(v(x),v(y)).

where by convention v(0) := oo. It is not hard to see that the unique maximal ideal of R
is given by:

m:={x € R|v(x) > 0}
We define the residue field of a valuation ring R as k := R/m = R/nR for any uniformiser
. Given a field K with a discrete valuation v we may define the completion of K with
respect to v denoted by [/(\v Indeed, this may be defined as the fraction field of the m-adic

completion of R. However, it is often convenient to consider the associated norm on K
(for some fixed a € (0,1)):

||| = a*® when x # 0,
0[] = 0.

One can verify that the norm on K satisfies the following, for every z,y € K:

-yl = ]l -yl
[l +yll < sup([l]l, [[y]),
][ = 0.

where we have equality in the last line if and only if x = 0. Then equivalently, I/(\U is the

completion of K as a normed space with respect to || - ||.
Example 3.1.3. Let p be a prime. We define the p-adic norm on Q by:

r

ra —
|p gl\p =p ",

15



where r € Z and a and b are coprime integers, not divisible by p. Then the completion of

Q with respect to p is given by the p-adic numbers Q,.

3.1.2 Extensions of Dedekind domains

Let A be a Dedekind domain and K its field of fractions. Then, for every non-zero prime
p C A, the localisation A, is a DVR. We denote by v, the corresponding valuation on K.
Suppose that L is a finite separable extension of K and B is the integral closure of A in
L. As L/K is separable, B is also a Dedekind domain [Ser13, I, §4, Prop. 9].

Remark 3.1.4. We say that a field k is perfect if all algebraic extensions are separable.
Indeed, every characteristic 0 field is perfect, and a characteristic p > 0 field is perfect if
and only if the Frobenius map x — 2? is an automorphism. Thus, the ‘first’ example of an
imperfect field where we must be careful about notions of separability is k = F,(t). Note

that when k is perfect, the notions of separable and algebraic closure coincide.

Let p C A be a non-zero prime ideal. As B is Dedekind, we may decompose pB
into a product of prime ideals [Ser13| I, §3, Prop. 7]:

pB=]]a"

qlp

where the image of pB in B, is of the form (qB,)®. The integer e is called the ramification
indez of q in the extension L/K. We take the product over primes q C B that divide p in

the sense that g N A = p. For such primes, there is an extension of residue fields:

K(p) == A/p = Ay /pA, C By/qBy = B/q =: x(q).

Denote by f, = [k(q) : k(p)] the residue degree of q in L/K. When there is only one prime
q lying over p and f; = 1, we say the extension L/K is totally ramified at p. Conversely,
when e; = 1 and s(q)/k(p) is separable, we say that the extension L/K is unramified over
p.

Remark 3.1.5. We can define the same notion for extensions of local rings. Suppose that
(R,m) C (S,n) is an extension of local rings with fraction fields K C L, residue fields k(m)
and k(n), and valuations v and w respectively. Then, we define the ramification index e

of R in S as the ramification index of m in S; that is to say:
mS = n°.

Equivalently, if 7 is a uniformiser of R, then e = w(w). If e = 1 and the extension

k(n)/k(m) is separable, then we say the extension is unramified.
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Proposition 3.1.6. Let A be a Dedekind domain and p a non-zero prime. Let L/K be a

finite, separable extension of degree n and B the integral closure of A in L. We then have

n = Zeqfq.

qlp

the equality:

3.1.3 Galois extensions of local fields

Let L/K and B O A be as in the previous subsection. Suppose now that L/K is Galois
and let Gal(L/K') denote the corresponding Galois group.

Proposition 3.1.7. Gal(L/K) acts transtively on the set of primes q of B that lie over a
fized prime p C A. Moreover, for each prime q over p, the integers eq and f; depend only
on p. We thus have the equality:

n = ey fpGps
where e, and f, are the integers above, and g, is the number of primes of B lying over p.

Proof. See [Ser13|, I, §7]. O

Let p C A be a non-zero prime and q,q" C B be two primes lying over p. We define
the decomposition group of q in L/K as the subgroup Dy(L/K) C Gal(L/K) fixing q. As
the action is transitive, Dy(L/K) and Dy (L/K) are conjugate subgroups. As Dy(L/K)

fixes q, we have a well defined homomorphism:
Do(L/K) — Gal(r(q)/r(p)).

We denote the kernel of this homomorphism by I,(L/K) as the inertia group of q in L/K.
By transitivity of Gal(L/K) on the set of primes ¢ C B lying over a prime p C A, it is
clear that:

gp = [Gal(L/K) : Dy(L/K)].

Let K denote the subgroup of L fixed by Dy(L/K) and K the subgroup fixed by I,(L/K).
Consider the field extensions:
LOK'DKP DK,

When the decomposition group is a normal subgroup, by the Galois correspondence we
have:
[KP . K]=g, [L:K'|=e, [K':KP]=/F

From this we obtain the following easy corollary:

Corollary 3.1.8. Let A be a Dedekind domain, K its field of fractions, L/ K a finite Galois
extension, and B the integral closure of A in L. Then L/K is unramified at a primep C A
if and only if I,(L/K) is trivial for some prime ideal q; C B lying over p.
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3.1.4 Extensions of complete fields

Let L/K be a finite separable extension of fields, and now suppose that K admits a
discrete valuation v. Consider the valuation ring R and its integral closure B in L. As R
is a principal ideal domain, B is a free R-module of rank n = [L : K]. Denote by ¢; the
prime ideals of B. Each corresponds to a valuation w; on L; extending v which we refer

to as a prolongation.

Proposition 3.1.9. Let K be a field with a discrete valuation v and valuation ring R. Let
L/K be a finite separable extension of degree n, and let B be the closure of R in L.

i) Suppose that K is complete with respect tov. Then v extends to a unique prolongation
w on L such that B is a discrete valuation ring with respect to w, and L is complete

with respect to w. In this case, if e denotes the ramification index of L/ K (cf. Remark

and f the residue degree, then n = ef.

ii) More generally, let w; denote the different prolongations of v to L, and let e;, f; be

the corresponding ramification indices and residue degrees respectively. Then:

—

Lo, : K] = eifs.

Moreover, if w; 1s the unique prolongation of the valuation v on I/(:, to Ew\i, then we
have:
¢i = e(Ly,/K,) and f; = f(Lu, /).

Proof. See [Ser13| I, §3 and §4]. O

3.1.5 Witt vectors

Let R be a discrete valuation ring, complete with respect to a valuation v with a uniformiser
m. Let K denote the field of fractions and k the residue field. Suppose that R is of
characteristic 0 and k is of characteristic p > 0. Then, there is a copy of Z in R. By
localising the extension Z < R at p and taking the completion, one obtains an extension
of complete local rings Z, € R with ramification index e which we refer to as the absolute
ramification index of R. Equivalently, if we normalise v so that v(w) = 1, then v(p) = e.
We say that R is absolutely unramified if e = 1. In this case, we may take p as a uniformiser
of R.

When the residue field & is finite of order p/, R is a free, finitely generated module

over Z, of rank n where n = ef. In this case, K O Q, is a finite extension of degree n.

Proposition 3.1.10. Let k be a perfect field of characteristic p > 0. Then there ezists
a, unique up to isomorphism, complete DVR denoted by W (k) of characteristic 0, which
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1s absolutely unramified and has residue field k. Uniqueness is guaranteed by the following
universal property: when R is a complete DVR of characteristic 0 and residue field k, there
exists a unique homomorphism W (k) — R of local rings, which specialises to the identity

on residue fields:

W (k) > R
k
Furthermore, R is a free W (k)-module of rank e where e is the absolute ramification index
of R.
Proof. See [Ser13, I, §5] for a proof. ]

The ring W (k) is referred to as the ring of Witt vectors associated to k. We omit
the proof of the universal property and instead construct the Witt vectors in their usual

representation. Let p be a prime number. We define the Witt polynomials:
Wo = Xo, Wi = X2+ pX1, ooy Wy = X2 4+ pXP" 4+ 49" X0, ...

in Z[ Xy, X1, ...]. The proof of the following can be found in |Ser13| II, §6]:

Lemma 3.1.11. Given ® € Z[X,Y], there exists a unique sequence @, 1, ... in the poly-
nomial ring Z[Xo, X1, ..., Yo, Y1, ...] such that:

Wo( o, -..) = B(W(Xo, ...), W (Yo, ...)), n > 0.

Let Sp, St,... (respectively Py, P;,...) denote the polynomials g, ¢1,... from the
Lemma associated to the polynomial ®(X,Y) = X 4+ Y (respectively ®(X,Y) = XY).
Let A be an arbitrary commutative ring. Then, for each n, we define the multiplication
-w,, and addition 4y, on the set A™ by:

a+w, b= (So(a,b),...,S,(a,b));
a-w, b= (P(a,b),..., P.(a,b)).

In fact, these define a commutative ring structure on A™ which we denote by W, (A) =
(A™ +w,,w,). The zero element is denoted by (0,...,0) and the unit by (1,0,...,0) in
terms of coordinates of A”. We refer to W,,(A) as the ring of Witt vectors associated to A

of length n. We denote a more general element a € W,,(A) by (aq, ..., an).

Example 3.1.12. For large n, the addition on W,,(A) is hard to describe, but for n = 2
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we have:

P bp_ b P

So(a, b) = ag + bo, Sl(aab):al+b1+a0+ b — (a0 - bo) ;
p
Fo(a, b) = aobo, Pyi(a,b) = bhay + byah + payb;.

We have natural projections W,,11(A) — W, (A) and can take the projective limit
to define the Witt vectors associated to A:

W(A) == Lim W,,(A).

Of course, one defines the multiplication and addition on this ring by the polynomials S,
and P, applied to AN.

Remark 3.1.13. Let k be a perfect field of characteristic p > 0. Then there is a lift of the
Frobenius morphism Fj : k — k; x — 2P given by:

F:W(k) — W(k);

(ag,ay,...) — (af,al, ...).

One may check that this is a ring homomorphism. Dually, there is a Verschiebung or shift

operator:

VW (k) — W(k);

(ag,ay,...) — (0, ag, as, ...).

These maps are dual in the sense that VF = -p = FV.

3.2 Abelian varieties and finite flat group schemes

3.2.1 Group schemes

Let Sch/S denote the category of S-schemes. The main reference for the properties of finite
group schemes will be [Tate97]. A group object G in Sch/S (or equivalently an S-group

scheme) is an object with the following morphisms (of S-schemes):
i) m: G xg G — G the multiplication map:;
ii) i : G — G the inversion map;

iii) e:S — G the identity section;
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satisfying the usual group axioms. We may view G as a functor of points using the Yoneda

embedding:

G : Sch/S — Set;
T +— G(T) := Homg(T, G).

Each set G(T) is naturally a group using the group object structure on G and so we obtain

a factorisation:
Sch/S —— Grp

R lforgetful
Set

where Grp is the category of groups. By the Yoneda lemma, conversely, any functor
H : Sch/S — Grp, with the functor (forgetful o H) being representable by an S-scheme,
is also a group scheme. Importantly, this reduces the descriptions of many properties of

group schemes to the usual definition for groups.

Definition 3.2.1. We say that an S-group scheme G is commutative if the following
diagram commutes:
G Xg G (pra,pry) > G Xg G

B

G

Equivalently, G(T') is a commutative group for each 7" — S.

A homomorphism f : G — H of S-group schemes is a morphism of S-schemes such

that the induced map:
fr:G(T) — H(T)

is a group homomorphism for all 7" — §.

Definition 3.2.2. Let f : G — H be a homomorphism of S-group schemes.

i) Consider the fibre product:

KIIGXHS—>S

L

G 7

Then, for each S-scheme T, K(T') is the kernel of fr and so is a group in a natural
way. Using Yoneda’s lemma, we then obtain a group scheme structure on K. We

denote the corresponding group object by ker(f).
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ii) It is not as simple to show that coker(f) exists or is an S-group scheme. Unlike the

functor obtained by taking kernels, the cokernel functor is rarely representable.

For each positive integer n, we write by [n]¢ : G — G for the multiplication-by-n

map which is given on points by the usual map:

G(T) — G(T)

a+— a”

We denote by G[n| the kernel of [n]g; the n-torsion subgroup of G.

3.2.2 Abelian varieties

We recall some facts about abelian varieties over a field k, and abelian schemes over a
noetherian base scheme S. For statements about abelian varieties, we refer to [Mum74],
and for statements about abelian S-schemes, we refer to [MFK-94 Ch. 6].

Definition 3.2.3. Suppose that A is a k-group variety. We say that A is an abelian variety

if it is complete and geometrically connected.

More generally, if .27 is a proper S-group scheme with geometrically connected fibres,
then we say &7 is an abelian scheme; i.e. the fibres of o7 over S are abelian varieties. Most

authors do not assume commutativity in either definition, but this follows from properness:

Proposition 3.2.4. Let o/ be an abelian scheme over S. Then &7 is commutative as an

S-group scheme.
Proof. See [MFK-94] Corollary 6.5]. O

Example 3.2.5. i) Suppose F is a projective, integral, smooth k-curve of genus 1 with
a rational point e € E(k). Then there is a unique abelian variety structure on E

with identity e. E is of course an elliptic curve. There is an isomorphism of groups:

E(k) — Pic)(E);
P+—— [P —¢]

where Pic)(F) is the group of (k-rational) degree 0 divisors of E, modulo linear

equivalence.

ii) More generally, if C' is a projective, integral, smooth k-curve of genus g > 2 with
a rational point Py € C(k), then there is a (unique up to isomorphism) k-abelian

variety Jo of dimension g such that:
Jo(k) = Picd(0).
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The rational point P determines an embedding C' < Jo which is given by:

C(k) = Pici(C) = Je(k);
P+ [P - Ry

on k-points. Jo is the Jacobian variety of C.

iii) Let X be a smooth projective variety over k, then there is an associated Albanese
variety X — Alb(X) characterised by the property that, for all morphisms g : X —
A from X to an abelian variety A/k, there exists a unique homomorphism of abelian
varieties f : A — Alb(X) such that:

o

X —— Alb(X)

commutes. Informally, the Albanese variety is the ‘smallest’ abelian variety associ-

ated to X. When X is a curve, the Jacobian variety and Albanese variety coincide.

A homomorphism f: A — B of k-abelian varieties A and B is simply a homomor-
phism of k-group schemes. A surjective homomorphism of abelian varieties f : A — B
of the same dimension is an isogeny. In this case, H := ker(f) is a finite k-group scheme
and B is the categorical quotient A/H. Conversely, the quotient of an abelian variety by

a finite subgroup always exists:

Proposition 3.2.6. i) Let A be an abelian variety and H a finite subgroup. Then there
exists an abelian variety B and an isogeny f : A — B such that ker(f) = H. We
call B= A/H the quotient of A by H.

ii) Let f: A — C be an isogeny of abelian varieties and let H C ker(f) be a subgroup.

Then there exists an isogeny A/H — C' allowing the following diagram to commute:

A ! s C
qm / '
A

/H

Proof. 1) See [MumT4, I1.7, Th. 6].

ii) Ibid., p. 118, Corollary 1.
]

Let k be a field of characteristic p > 0 and let n be a positive integer. We have the
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following description of the geometric n-torsion points of an abelian variety A of dimension

g as a group:
Proposition 3.2.7. Consider the isogeny [n]a : A — A. We have the following:

i) Suppose that ptn. Then [n]a is separable of degree n*9 and moreover:

Aln)(k) = (Z/nZ)*.

it) If p > 0 then there exists an integer 0 < i < g, called the p-rank of A, such that:
Alpl(k) = (Z/pZ)".

Proof. See [MumT74, p. 64]. O
When A is an elliptic curve, this leads to the following dichotomy:

Definition 3.2.8. Suppose that FE is an elliptic curve over a field k of characteristic p > 0.
Let r denote the p-rank of F.

i) If r =1 we say that F is ordinary.

ii) If r = 0 we say that E is supersingular.

3.2.3 Hopf algebras and affine group schemes

Suppose now that S = Spec(R) is the spectrum of a ring R. We denote by Sch/R the
category of R-schemes. Suppose G = Spec(A) is an affine R-group scheme. Then, dually,

we obtain the following R-algebra homomorphisms:

i) p: A— A®pg A the co-multiplication map;
ii) ¢ : A — A the antipodal map;

iii) € : A — R the augmentation or co-unit map.

We call an R-algebra equipped with these homomorphisms, satisfying the dual group

axioms a Hopf algebra. Clearly, the spectrum of any Hopf algebra is an R-group scheme.

Example 3.2.9. i) Let G be a finite group. We denote by G x S the disjoint union
of copies of S indexed by elements of G. The group structure on G induces a group
scheme structure on the disjoint union via its indices. We call G x S the constant
R-group scheme for the group G. When there is no risk of ambiguity, we will write
G as shorthand for G x §.
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ii) Let A = RJ[t]. We define co-multiplication by () = a + b under the isomorphism:
A®r A= Rla,b].

This defines the additive group G, r := (AL, +). Note that, for any R-algebra B, the

isomorphism:

Hompg(R[t], B) — B;
fr— f(t)

identifies B with itself (as an additive group).

iii) Taking now A = R[t,t™!], we set u(t) = ab using the notation above. This defines
the multiplicative group G, g := (A \ {0}, x). Note that, for any R-algebra B, the

isomorphism:

Hompg(R|[t,t™ 1], B) — B*;
fr—f@)

gives the units of B (as a multiplicative group).

Let k be a field of characteristic p > 0 and n > 0 an integer. We define the

multiplicative group scheme s, to be the kernel of [n]g, ,:

Gonaln] = o =pee (7).

When p > 0, the p-torsion of G, is non-reduced:

6y = Golp] = Spec (%) |

3.2.4 Finite flat group schemes and quotients

Suppose that S is a locally noetherian, connected scheme. An S-scheme H is finite and

flat over S if Oy is locally free of finite, constant rank n over &s. We denote the rank of

H over S by [H : S].

Suppose that G is a group scheme over S and H is a finite, flat closed subgroup
scheme of G. We want to show that the categorical quotient G/H exists as an S-scheme.
More generally, we can consider the action of a finite, flat group scheme H on a scheme
X =5
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Definition 3.2.10. An action of a finite, flat group scheme is a morphism of S-schemes:
p:Hxs X — X,
such that, for all S-schemes 7', we have a group action H(T") on X(T):
pr: H(T) x X(T) — X(T),
i.e. for each h € H(T) pr : X(T') — X(T) is an automorphism and:

pT.h © PT. = praw ANd prey oy = 1d,
for all h,h' € H(T).

We say that the action p is strictly free if the following morphism of S-schemes:
(p,Id) tH xg X — X XsX,

sending (h,z) — (h -z, x) is injective and a closed immersion. Suppose that f: X — Y is
a morpshism of schemes and that p gives an action of H on X. We say that f is constant

on orbits if the following diagram commutes:

HxgX 2245 X

0| il/f '

X7

A concise proof of the following fact can be found in [Ray66|:

Proposition 3.2.11. Suppose that H is a finite flat group scheme over a locally noetherian
base S. Suppose further that H acts strictly freely on a finite type S-scheme X such that
every orbit is contained in an affine open set. Then there exists an S-scheme Y and a
morphism f : X — Y, constant on orbits, such that for any other morphism f': X — Y’
that is constant on orbits, there exists a unique morphism ¢ :' Y — Y’ allowing the below

diagram to commute:

It follows that Y is unique up to isomorphism. We call X/H =Y the quotient of X by

H. Moreover:

i) The morphism f: X — X/H is finite flat of rank given by the rank of H/S.
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ii) For every S-scheme T, the natural map X(T)/H(T) — (X/H)(T) is injective.
Suppose now that G is a finite flat S-group scheme and H a closed flat subgroup.
Then, using the above we may construct the scheme of left cosets G/H. The rank of G/H
over S is given by the difference of the ranks of G and H. Of course, G/H is a finite flat
group scheme over S only when H is a normal subgroup (point-wise); for example when

G is commutative.

3.2.5 The étale fundamental group

The following discussion can be found in |[Mil80, I.3]. Let S be a locally noetherian,
connected scheme. A morphism f:Y — S is finite étale if it is finite, flat and unramified
i.e. for each point s € S, the fibre Y; is the spectrum of a separable algebra over the residue
field x(s). Equivalently, Y; is reduced and for each point y € Y; we have that x(y)/k(s) is a
separable extension of fields. Suppose we fix a geometric point s — S lying over s, namely
a morphism Spec(k) — S induced by an algebraic closure k/k(s). Denote by FEt/S the
category of finite étale maps to S. We define the functor:

F; : FEt/S — Set;
(Y TN S) — Homg(s,Y).

Note that, if S is a variety over an algebraically closed field k, then F5(Y) = f~1(5). If we
could define a ‘universal’ étale cover S of S, we would then obtain the following definition

of étale fundamental group:
78S, 5) := Autg(S).

By definition, such an object would represent the functor F;. However, in general no such
universal object exists. To remedy this, we can define a partial ordering, via morphisms
S; — S;, on the finite étale covers of S and show that Fj is pro-representable with respect

to this. Namely, we will have a projective system (.S;);e; and a natural isomorphism:

Fx(Y) 2 lim Hom(S;, Y).

i€l

Remark 3.2.12. In the projective system, it is possible to restrict to finite étale covers

S; — S that are Galois i.e. of degree equal to the order of Autg(sS;).

This allows us to define the étale fundamental group of S:

(S, 5) 1= @Autg(si).

Equipping each finite automorphism group with the discrete topology, we give *(S, 5) the

natural topology as an injective limit. The étale fundamental group acts trivially on the
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projective system (S;);e;. This induces a (right) action of the étale fundamental group on
Fi(Y) = @iGIHom(Si, Y') for each finite étale cover Y — S. Moreover, if we give F5(Y)
the discrete topology, this action is continuous. Let Fr$t(S,5)—Set denote that category

of finite, discrete sets with a continuous 7¢*(S, 5)-action.

Theorem 3.2.13. The functor:

FEt/S — Fr$*(S,5)—Set;
Y — F(Y)

s an equivalence of categories.

When G is a finite flat group scheme over a noetherian, connected scheme S, we

have an equivalence of categories:

FFGS® /S — Fré'(S, 5)—Grp;
Y — F(Y)

between the category of finite flat étale group schemes over S and finite groups equipped

with a continuous 7$*(.9, §)-action.

Example 3.2.14. Let k be a field. Then we have an isomorphism:
Gal(k*® /k) = 7% (Spec(k), 5)

where k5P is a separable closure of k. This is clear from Remark [3.2.12]

Remark 3.2.15. Let G/S be a finite flat group scheme. Then the relative sheaf of differ-
entials Qf /s coincides with S| F? where & C Og is the augmentation ideal sheaf. Tt is
the ideal sheaf corresponding to the unit section e : S — G (cf. iii)) viewed as a
closed subscheme of G. Thus, G — S is étale if and only if ng/s =01ie . = .72 By
Nakayama’s lemma, this is equivalent to ., = 0 for each = € e(S). Hence, the complement
of e(S) in G is the support of .# and is closed. Therefore, G/S is étale if and only if the
identity section e : S — G is open (and closed).

Consider now a henselian local ring R with residue field k. Denote S = Spec(R)
and let Sy = Spec(k) = {s} be its closed point. As R is henselian, the functor:

FEt/S — FEt/Sp;
Y L S)— (Y xzk — Sp)

is an equivalence. Thus, we have an isomorphism
ét - ftra =
71 (So, To) — 71 (S, T),
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induced by the inclusion {s} < S, where 7 : Spec(k) — Spec(k) is a geometric point and
T its image in Spec(R). Importantly, a finite étale group scheme ¢/S is determined by
¢(z) and thus by its special fibre % := ¥ x5 Sy:

Corollary 3.2.16. Let R be a henselian local ring with residue field k. Let 4y be a finite
étale group scheme over k. Then, there exists a unique finite étale group scheme 4 /R
lifting %y in the sense that:

9. = 9.

Corollary 3.2.17. Let k be a separably closed field and G a finite étale group scheme over

k. Then G is a constant group scheme.

Proof. Write G = Spec(A) so that A is a finite étale algebra over k. A is then a finite
product of finite separable field extensions of k. However, as k is separably closed, A is a

finite product of copies of k. It is then not hard to see that GG is the constant group scheme
associated to G(k). O

3.2.6 The connected-étale sequence

We now restrict out attention to the category FFGS/S of finite flat commutative group
schemes over a henselian local ring S = Spec(R). Let m denote the maximal ideal of R, K
the fraction field and £ = R/m the residue field. Let ¢ be a finite flat group scheme over

this ring and let ¢° denote the connected component of the identity.

Lemma 3.2.18. ¥° is a normal subgroup scheme and the quotient:
G/G° =: Gy
15 an étale group scheme.

Proof. See [Tate97, p. 139]. ]

The induced short exact sequence of a finite flat commutative group scheme into its

connected and étale parts is an important invariant:

Definition 3.2.19. Let ¢ be a finite flat group scheme over a henselian local ring R. We

refer to the short exact sequence:
0—¥% —9 — %9, —0;

as the connected-étale sequence of ¥.

Let ¢4/R be a finite flat commutative group scheme. Suppose the residue field £ has

characteristic p > 0. We will see from the following results that [¢° : S] is always a power
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of p. In particular, in characteristic 0 every finite commutative group scheme over a field
is étale. So, in some sense, the connected-étale sequence is only relevant in positive and

mixed characteristic.

Lemma 3.2.20. Suppose that k is algebraically closed and of characteristic p > 0. Then

the connected-étale sequence of a finite flat commutative group scheme G/k splits over k.

Proof. Let G = Spec(A) be a finite commutative group scheme over k. As k is perfect, Gyeq
is étale. Moreover, Geq X Greq is still reduced and so Geq C G is a closed subgroup scheme.
Letting o : Spec(k) — Spec(A) be a geometric point as in , we have isomorphisms
Grea(@) = G(a) = Gg(a). Therefore, the canonical map G — G is an isomorphism when

restricted to Greq; thus providing a splitting of the connected-étale sequence. O]

Proposition 3.2.21. Suppose that k is a field of characteristic p > 0 and G is a connected

finite group scheme over k. Then the order of G is a power of p.
Proof. See [Tate97, Lemma 3.7.1]. O
Corollary 3.2.22. Let k be a field of characteristic p > 0 and let G be a finite k-group

scheme of order coprime to p. Then G is étale. In particular, if char(k) = 0 then every

finite group scheme is étale.

3.2.7 Cartier duality

Let R be as in the previous section and suppose that 4 = Spec(A) is a finite flat
commutative R-group scheme. As discussed in [3.2.3, A is a Hopf algebra. Denote by
A* := Hompg(A, R) the dual R-module. As ¢ is finite flat, A is locally free of finite

constant rank. Thus, the operation (—)* is reflexive, i.e. there is a natural isomorphism:
A=A

Remark 3.2.23. As A is commutative, one can endow A* := Hompg(A, R) with the structure
of a Hopf algebra and thus ¢V becomes a group scheme. For example, let n: AQr A — A
be given by multiplication a ® b — ab. Then, dually we may define:

prAT— A" @r A" = (A®Rr A)T,

where the isomorphism holds as A is locally free of finite type. This defines a comultipli-

cation on A* and one may check that it induces a Hopf algebra structure.

Definition 3.2.24. Let ¢ be a finite flat commutative R group scheme. We denote by:
@V .= Spec(A*),
the Cartier dual of 9.
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As with other ‘good’ duality theories, the Cartier dual is a covariant functor:
(FFGS/R)*? — FFGS/R;

from the category of finite, flat commutative group schemes to itself. This is clear from
the association:
4" =~ Homp(¥4,G,.R).

Explicitly, ¢V represents the functor:
B +—— Homp(¥(B), G, r(B)),
from R-algebras to sets. Moreover, we have a duality pairing:
(—,=):9 x4 — G p;
where for each R-algebra B, we have the natural evaluation map:

9 (B) x Homp(¥(B), G, r(B)) — G,,.r(B);
(, ) — f(z).

Lemma 3.2.25. Let ji,, p := Spec (<£[f]1>> be the n-torsion of G, gr. Then the Cartier

dual is given by:
fin.r = Z/nZ.

Proof. This is clear from the association (Z/nZ)¥ = Homg(Z/nZ,G,.r) = Gm.r[n|. O

The tangent space of a finite group scheme

Let G be a finite commutative group scheme over a field k and let e € G(k) denote the
identity section. Let m¢ . denote the maximal ideal of O .. Recall that the tangent space

is given by the dual k-vector space:

Tae = (mge/mE,)";

and that there is an isomorphism:

TR

Proposition 3.2.26. There is a canonical isomorphism of k-vector spaces:

TG,e = Homk(GV, Ga,k)

31



where GV is the Cartier dual of G, and Gy, is the additive group scheme (Ex.[3.2.9] (ii)).
The right hand side is a k-vector space by left multiplication on G .

Proof. See [Pink04, Prop. 13.1]. O

3.2.8 Prolongations of group schemes

Let R be a complete discrete valuation ring of mixed characteristic (0,p). Let K be its
field of fractions, 7 € R a uniformiser and k = R/mR. Let v denote the valuation on R,

normalised so that v(m) = 1, and let e = v(p) denote the absolute ramification index.

Definition 3.2.27. Let G be a finite group scheme over K. A prolongation of G to R is
a finite, flat group scheme ¢ /R such that ¥ = G.

The following is a fundamental result of [Ray66|:

Theorem 3.2.28. Suppose that e < p— 1. Let 4 /R be a finite flat commutative group
scheme of order a power of p. Then ¥ is, up to isomorphism, the unique prolongation of

its generic fibre Gy .

Let FFGS® /R denote the category of finite flat commutative group schemes over
R of p-primary order. Let G = Gal(K/K) denote the absolute Galois group of K, where

K is a choice of algebraic closure.

Corollary 3.2.29. Suppose that e < p — 1. Then the additive functor:

FFGS®) /R — Gx—Mod;

18 fully faithful.

Importantly, to study the connected-étale sequence of ¢ /R, it is enough to under-

stand the Galois action on the geometric points of the generic fibre of ¢.

Corollary 3.2.30. Let 4/R be a finite flat commutative group scheme and suppose that

e < p—1. Then the connected-étale sequence:
0 —9% —9 — 9 —0
of 9 splits if and only if the corresponding short exact sequence of Galois modules splits:

0— 9°(K) — 9(K) — 9%(K) — 0.
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Remark 3.2.31. Note that the condition e < p — 1 is essential for Theorem [3.2.28| to hold.
Suppose that ¢, is a primitive p-th root of unity in R. Then wu, x and (Z/pZ)x become
isomorphic as group schemes:

Kl o Kl | Kl Kl

(@ —=1) @-1) " (@=G6)  (@-¢

However, p, r and (Z/pZ)g are non-isomorphic prolongations (the former is non-reduced
and the latter is étale).

3.2.9 Tate modules
Dual abelian varieties

Returning to the study of abelian varieties over a field k, we introduce the dual abelian
variety. Let A be an abelian variety over k. For simplicity, we assume k is algebraically

closed throughout. Consider the following morphisms:

A x k A
2N
A A A
which are given by projection onto the first coordinate, multiplication on A, and
projection onto the second coordinate respectively. Let .Z be a line bundle on A. We say

that .Z is degree zero if:
m*L = pril @ pryZ.

Denote by Pic’(A) C Pic(A) the degree 0 part of the Picard group. Roughly speaking, the
dual abelian variety AY parametrises degree 0 line bundles on A. In particular, we would

like there to be an isomorphism:
Pic’(A) =2 AY(k).

Example 3.2.32. Let E/k be an elliptic curve. It is not hard to check that the notion
of degree zero line bundle above coincides with the usual notion of degree of divisors on

smooth curves:

Pic(E) = Div(E) a5

Sur| > Y
% %

The isomorphism E(k) = Pic’(E) in Example m (i) shows that £ = EVY i.e. elliptic
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curves are self-dual.

The dual abelian variety A is a solution to the moduli problem of parametrising
families of degree 0 line bundles on A. As such, there is a universal line bundle & on
A x AY which parametrises all degree 0 line bundles on A. We make this precise with the

following proposition:

Proposition 3.2.33. Let A be an abelian variety over k of dimension g. Then there exists
a pair (AY, P) where A is a k-abelian variety of dimension g and &2 is a line bundle on
A x AY. The pair is unique up to isomorphism as it is uniwversal among pairs (T, L) of
k-schemes T and line bundles £ on A x T such that:

i) L|axgy € Pic’(Ax {t}) for allt € T}
i) Loyt 15 trivial.

Namely, given such a pair (T,Z) there exists a unique morphism « : T — AV such that

(Idx a)*Z = Z.
Proof. See [Mum74, I11.8]. O

P € Pic(A x AY) is referred to as the Poincaré bundle. It is universal in the sense
that, for any degree 0 line bundle . € Pic’(A), there exists a unique point a € AY(k)
such that:

Plaxia = ZL.

As with Cartier duality, taking the dual of an abelian variety is functorial:

Proposition 3.2.34. Let f: A — B be an isogeny of degree d with kernel N. Then there
exists a dual isogeny f¥ : BY — AV also of degree d such that fofY = [d|g and fYof = [d]a.
On points, fV is given by the pullback of invertible sheaves f* : Pic’(B) — Pic’(A).

Moreover, the exact sequence:
0N-AL B0
gives rise to a dual exact sequence:
v v Yooy
0O=N"—-B"—A" =0
where NV is the Cartier dual of N.

Proof. See [Mum74, p. 143]. O

34



Polarisations

Let A be an abelian variety over k and let k be an algebraic closure of k. Suppose that %

is an ample line bundle on Az. Consider the map:

A(k) — Pic®(Ap);
ar— L L

where t, is translation by a. By the theorem of the square, this is a group homomorphism.
In fact, it is surjective and, as . is ample, this map has finite kernel K(.%). Taking
the quotient by this subgroup, we obtain the dual abelian variety AY. This motivates the

following definition:

Definition 3.2.35. A polarisation A\ : A — AV is an isogeny such that, over k, A\; corre-
sponds to a quotient of the above form with respect to an ample line bundle .Z € Pic(A4y).
The degree of the polarisation is the degree of . A principal polarisation is a polarisation

of degree 1.

Example 3.2.36. i) As discussed in Example[3.2.32 elliptic curves always admit prin-

cipal polarisations.

ii) Let C be a smooth, projective integral curve of genus g over k and suppose that C'(k)

is non-empty. Then Jac(C') is principally polarised by any theta divisor.

Weil pairing

Duality of abelian varieties over k satisfies many good properties, in particular, it is a
reflexive duality i.e. AV is naturally isomorphic to A for any abelian variety. However,
there is no ‘good’ duality pairing on A x AV. Instead, for each integer m > 0, we have the
Weil pairing:

em © Am](F*P) x AY[m)(k*P) — pn (K°);

It is defined as follows, for simplicity we assume k is algebraically closed. Let a € A[m](k)
and @’ € AY[m](k) which we think of as a degree 0 divisor D of A. Then, as D is m-torsion,
we have [m]D ~ mD ~ 0 in Div(A). Thus, there are rational functions f, g € k(A) such
that:

mD = div(f) and [m] D = div(g);

and:
div(f o [m]a) = [m[y(div(f)) = [m]4(mD) = m([m]},D) = div(g™).

Therefore, is a constant function ¢ € k on A and so, for each x € A we have:

Folma
9@ +a)™ = cf (ma +ma) = cf (m) = g(a)™.
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Finally, goit is an m-th root of unity in k(A) and in particular is constant. We denote this

constant by e,,(a,a’).

Tate modules

Definition 3.2.37. Let A be an abelian variety over a field k. Let [ > 0 denote a prime

that is invertible in k£ and consider the injective system:
o= A"(KP) & A (5P) «— ..
We then define the l-adic Tate module associated to A as the injective limit:
T(A) = lim AL (k).

Note that the formation of this limit commutes with the action of Gy = Gal(k*P/k)
and so there is a well-defined Galois action on the [-adic Tate module. Note also that, as

an abstract abelian group, if dim(A) = g then:
A[l"|(k°P) = (Z/1"Z)
and so, as a Z;-module, we have an isomorphism:
Ti(A) = Z¥
Setting Z,(1) := l‘&n,uln, we may extend the Weil pairings e;» to a pairing:

e T (A) x Ti(AY) — Z,(1);

((an), (a,)) — (e (an, ay,)).

Remark 3.2.38. Suppose that k is of characteristic p > 0. Then there are no non-trivial
p"-th roots of unity so any bilinear pairing e, : A[p"|(k*P) x AY[p"](k*P) — ppm (k5P) for

an abelian variety A/k will be trivial.

3.3 p-divisible groups and formal groups

3.3.1 p-divisible groups
Our main reference for the study of p-divisible groups will be |Tate67].

Definition 3.3.1. Let R be a commutative ring. Let p be a prime number, and A > 0 an
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integer. A p-divisible group over R of height h is an inductive system:
G = (Gm in)nzo

such that:
i) G, is a finite R-group scheme of rank p"*;

ii) For each n > 0 the sequence:
0= Gn ™ Grir 25 Gt

is exact (i.e. G,, is associated with the kernel of p™ on G,4; via the map i,).

Note that, for group schemes, this would imply:

G, = (Z/p"Z)" and G =lim G, = (Q,/Z,)".

A homomorphism f : G — H of p-divisible groups G = (Gy,i,) and H = (H,,j,) is a
collection of homomorphisms f, : G,, — H,, such that:

Gn —2 Gpy1

J/fn lfn+1

H, T> Hya

commutes for all n > 1.

Example 3.3.2. i) Let A be an abelian scheme over R of dimension g. Then the
system (A[p"],i,), where i, : A[p"] — A[p"™!] is inclusion, gives the p-divisible group
Alp™>] of A. Note that it is of height h = 2g.

ii) The p-divisible group of the torus G,, g is given by:
fpoe ke = (tpn, R pn);
where i,n is again just inclusion.

Formal Lie groups

Suppose that R is a complete, noetherian local ring with residue field k of characteristic

p > 0.

Definition 3.3.3. A (commutative) formal Lie group I' over R is a homomorphism f :
R[X1, ..., Xn] = RV, ..., Vu]®rR[Z1, ..., Z,] satistying the following axioms:

37



Write [ = f(Y,Z) = (fi(Y, Z)) where each f;(Y,Z) is a formal power series in 2n

variables. Then we require:
i) X = f(X,0)=f(0,X);
il) F(X,f(Y,2)) = f(f(X,Y), Z) (associativity);
iil) f(X,Y) = f(V, X) (commutativity).

We take I' = Spf(R[Xj, ..., X,,]) (cf. Def. 3.5.1). The formal group law given by f
gives I' the structure of a group object in the category of formal schemes over R. Write
X*xY = f(X,Y). Set (X) := X * ... «x X (p times). This corresponds to multiplication
by p on I'. We say that I' is divisible if [p|r : I' — T" is an isogeny or equivalently, if
¥ R[Xy,..., X,] = R[X, ..., X,)] is a finite and free homomorphism. In this case, we let
['[p>] denote the p-divisible group (T'[p"],i,) of p"-torsion with the usual inclusion. Note
that I'[p] is a connected finite group scheme and so is of rank p" (Prop. .

Proposition 3.3.4. Let R be a complete noetherian local ring with residue field k of
characteristic p > 0. Then, the assignment I' — T'[p™] is an equivalence between the
category of divisible, commutative formal Lie groups over R and the category of connected

p-divisible groups over R.
Proof. See [Tate67, 2.2 Prop. 1] O

Example 3.3.5. Let G, g = Spec(R[z, z!]) denote the multiplicative group over R with
coordinate z. The formal completion of G,, p at the identity section e : Spec(R) — G, r
corresponding to = 1 defines a formal Lie group G,,  (cf. Ex. [3.5.2)). Setting X = z — 1,

N

and noting that 7! = - = 1 — X + X? — ..., we may write G,, r = Spf(R[X]). Then,

the associated formal group law is:
X, Y)=X4+Y+XY=(x—-1)(y—-1) —1

Let G = (G, 1i,) be any p-divisible group over a complete noetherian local ring R,
with residue field £ of characteristic p > 0. The connected components G; determine a
connected p-divisible group. By considering the connected-étale sequence of G,, (cf. Def.
, we obtain an exact sequence of p-divisible groups:

0—G° —G— G —0.

We define the dimension of G to be the dimension of the formal Lie group associated to
G°.
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Frobenius and Verschiebung

Definition 3.3.6. Let X be a k-scheme where £ is a perfect field of characteristic p > 0.

The absolute Frobenius morphism:
Fy: X —X
is given by the identity on the topological space | X|, and the power of p map z — 2 on

the structure sheaf 0x. Note that, in general this is not a morphism of k-schemes.

To obtain a morphism of k-schemes, we consider the following fibre product:

X Fx

X® X

l l

Spec(k) —— Spec(k)

FSpec(k:)

where X?) = X x Fspecny SPeC(K) is the Frobenius twist of X. We call the morphism
Fxp: X — X () the relative Frobenius morphism. Note that it is a purely inseparable,
finite flat morphism of degree p.

Remark 3.3.7. Let k be a perfect field of characteristic p > 0. Let G/k be a finite commu-
tative group scheme. The Frobenius twist G®) is still a finite commutative group scheme,
and the relative Frobenius F/, : G — G®) is a group homomorphism. Taking the Cartier
dual GV we may also consider the relative Frobenius Fgv /5 : G¥ — (G¥)®) = (GW)V. This

corresponds dually to the Verschiebung operator Vg, GP - G.

Lemma 3.3.8. Let G/k be a finite, commutative group scheme over a perfect field k
of characteristic p > 0. Let Fgpu, : G — G® be the relative Frobenius morphism and
Va - G®) — G the Verschiebung operator. Then:

Vamo Fon = [p] and  Fgpo Vi = [pl;

i.e. the multiplication-by-p map on G and G®) respectively.
Proof. See [Dem06|, Prop., p. 29]. O

Note that if G = (G,,i,) is a p-divisible group of height h, then so is G® :=
(G%p ) 3 )). We then have induced morphisms of p-divisible groups:
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e [p] G
A

G T) G
P

where F' and V' are given by the Frobenius and Verschiebung respectively on G,.
The kernel of multiplication-by-p on G is given by G, and is of order p". Whereas the
kernel of F': G — G® is of order p" where n is the dimension of G.

Duality for p-divisible groups

Let G = (G, i,) be a p-divisible group over R. We assume that each G,, is commutative
so we may take the Cartier dual G (cf. Def. |3.2.24)). We define maps i), : G — G

n+1
by taking the Cartier dual of the multiplication-by-p map G,,11 — G,,. It is easy to check

that GV = (G,/,1,,) is a p-divisible group of the same height called the dual of G.

n»’n

Proposition 3.3.9. Let R be a complete noetherian local ring of residue characteristic
p > 0. Let G be a p-divisible group over R of dimension n and height h. Then its dual GV

1s of dimension h — n.

Proof. Dimension and height do not change after specialisation, so we may assume R = k

is a field of characteristic p > 0. By the diagram we have an exact sequence:
0 — ker(F') — ker([p]) — ker(V) — 0.

We have that G; = ker([p]) has order p”, and ker(F) has order p". Since Fg, /; and Vg, k.

are dual morphisms, it follows that ker(V')¥ is given by the cokernel of:
Faype: G — (G = (GP)”

and consequently has order p"~". O

Example 3.3.10. i) The p-divisible group ps has h = n = 1. Its dual is the étale
p-divisible group Q,/Z, which has h =1 and n = 0.

ii) Let A be an abelian scheme over R of dimension g. Suppose that its dual AY exists

over R. Then we have that:
(A[p=])Y = (AV)[p™]

namely, the formation of duality of p-divisible groups commutes with duality of
abelian schemes. Both A[p>] and (AY)[p*>] have height 2¢ and dimension g.
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Moreover, the connected component A[p™]° is the formal completion of A along the
identity section e. The height of A[p>]° coincides with the p-rank of A (cf. Prop.
. We may interchange between the notation A and A[p™]° to refer to the same

object depending on the context.

Galois representations of p-divisible groups

Let R be a complete discrete valuation ring, with residue field £ = R/m of characteristic
p > 0, and let K be the field of fractions of R. Let L be the completion of an algebraic
extension of K and let S be the ring of integers of L. S is a complete valuation ring but
the valuation on S may not be discrete. Let G be a p-divisible group over R. We define
G(S) the group of S-points of G to be:

G(S) = Jim G(S/m'S) where G(S/m'S):=lim G,(S/m’S).

This gives G(5) the structure of a Z,-module. Note that, by construction, the p"-torsion
subgroup of G(S) is given by Hm, G, (S/m'S) = G,,(S) and so the full torsion subgroup of
G(S) is given by G(5)[oo] = lim G, (S).

Remark 3.3.11. If G is an étale p-divisible group over R, then the maps G,(S/m'*1S) —
G,(S/m'S) are bijective for each 7, and thus G(S) is a torsion group.

On the other hand, if G is a connected p-divisible group associated to some formal
Lie group I' on R[Xj, ..., X,,] then G(S) is an analytic group over L, which is given by

points (x1, ..., z,,) where z; lie in the maximal ideal of S (as a set).

Example 3.3.12. i) If G = G,, g[p™], then G(S5) is the group of units of S congruent
to 1.

ii) If A is an abelian scheme over R and G = A[p™], then G(S) C A(S) is the subgroup
of points whose reduction modulo the maximal ideal is a p-primary torsion point.

Moreover, G°(S) is associated with the kernel of the reduction map.

The Galois modules associated to a p-divisible group

Keeping the notation of the previous section, we now let K be an algebraic closure of K.

We define:
G(K):= l&n G, (K) with respect to i, : G, < Gpyi1;

T(G) = lim G, (K) with respect to G, 41 s G,
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As char(K) = 0, the group schemes (G,,)k are étale (Cor. [3.2.22), and so G(K) and T(G)
are isomorphic to the Z,-modules (Q,/Z,)" and ZZ respectively, where h is the height of
G, both with a continuous Gg-action. Note that, as Gal(K/K)-modules they determine

each other:
G(K) = T(G) ®z, (Qp/Z,) and T(G) = Homg, (Q,/Z,, G(K)).

Example 3.3.13. Let A/R be an abelian scheme of dimension g and G the p-divisible
group of A. Then T'(G) = T,,(Ak); the p-adic Tate module of Ak (cf. [3.2.38).

We state without proof the main results on Galois representations associated to

p-divisible groups:

Theorem 3.3.14. Let R be an integrally closed, noetherian domain, with fraction field K
of characteristic 0. Let G and H be p-divisible groups over R. Then any homomorphism

f:G®r K — H®g K extends uniquely to a homomorphism G — H.
Proof. See [Tate67, 4.2]. O

Corollary 3.3.15. The natural map:
Hom(G, H) — Homg, (T(G),T(H));

15 a bijection.

This follows as the module T'(G) is determined by the generic fibre of the p-divisible
group G.

Remark 3.3.16. These results should be viewed in conjuction with corresponding statement
about prolongations of group schemes (cf. Theorem [3.2.28). Note that we don’t require

any conditions on ramification when the above theorem is applied to a local ring.

3.3.2 The p-divisible group of an elliptic curve

Let E/k be an elliptic curve over a separably closed field k of characteristic p > 0. Recall
that the geometric p™-torsion is given by E[p"](k) = (Z/p"Z)" where i is the p-rank of E.
In particular, if « = 1 we say that E is ordinary and if ¢« = 0 we say that p is supersingular
(Def. [3.2.8). By contrast, the multiplication-by-p™ map is a finite flat morphism of degree
p?", and so we know that, as a finite commutative group scheme, E[p"] still has rank p*"

and thus has some non-reduced connected component.

Theorem 3.3.17. Let E/k be an elliptic curve over a separably closed field k of charac-
teristic p > 0. Then the p-divisible group E[p™] is given by:
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i) The split exact sequence:
0 — fipeer = Ep™] = Q,/Z, — 0;

where [iye . is the p-divisible group of Gy, k (Example (ii)), when E is ordinary.

ii) When E is supersingular, its p-divisible group E[p™] is connected, of height 2 and
dimension 1 and so coincides with the formal group of E. In the Dieudonné-Manin

classification, it is given by the p-divisible group G11 [Man65].
Corollary 3.3.18. The p-torsion group scheme E[p] is given by:

i) The split exact sequence:
0— ppr — Elp] = Z/pZ — 0;

when E s ordinary.

ii) The unique non-split, self-dual exact sequence:
0= a,r — Elpl = app =0

when E is supersingular. Moreover, one can associate E[p] = ker(F g/)k)

The supersingular case is most easily seen by the theory of Dieudonné modules
which we will not explore here (see for example [Dem06]). We already have enough tools
to illustrate the ordinary case however. Let E/k be an ordinary elliptic curve and consider

its connected-étale sequence:
0 — E[p]° — E[p] — E[p]* — 0.

As the p-rank of E is 1, we see that both E[p]°> and E[p]® are of rank p. As k is separably
closed, E[p]® is a constant group scheme so must be Z/pZ. Now, E = EV is self dual as an
abelian variety (Ex. [3.2.32)), and so E[p] = E[p]" is isomorphic to its Cartier dual (Prop.
[3.2.34). Taking the Cartier dual commutes with finite products, thus E[p] contains a copy

of (Z/pZ)Y = p,r (Lemma [3.2.25)). Thus we see that E[p]° = i, .

The same argument holds to show that E[p"] = pyn X Z/p"Z (the only abelian
group of order p" is given by Z/p"Z and it is clear from the description in Lemma [3.2.25
that it is dual to pyn k) and thus we have determined the p-divisible group.
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3.4 Geometry of curves in characteristic p > 0

3.4.1 Frobenius and differentials

Let k£ be an algebraically closed field of characteristic p > 0. The following discussion
on differentials in positive characteristic and the Cartier operator can be found in [[179)
or |Bri-Kum07]. Let X/k be a smooth variety of dimension n. Recall that, the sheaf of
Kaéhler differentials Qﬁ(/k on X/k is a locally free sheaf of rank n. Setting Qfx/k = /\z(Qﬁc/k)

to be the sheaf of i-forms, we obtain the (algebraic) de Rham complez:

=0 Ox SOk S LS Q% =0
where in regular local coordinates t1, ...,t,, the derivative O 4, % Ik is given by:

of dty + ... + 8—fdzfn.

d(f(ty, ... tn)) = ot ot

In fact, @izo QL Ik becomes a differential graded algebra under the wedge product:
A Qg ® Q= QO
where we note the following equality for local i-forms w and j-forms 7:
dwAn) =dwAn+(=1)wAdn.
Of course, the derivative d is not Ox-linear; simply because of the Leibniz rule:

d(fg) =df -g+ f-dg;

for local sections f, g. However, in positive characteristic, a striking feature of differentials
is that they are 0%-linear. Namely, if ¢ is a local coordinate then we have the equality:
d(t?) = pt?!~! = 0 and more generally d(f?) = 0 for a local section of &%. Thus, we see

that, if w is a local i-form and f a local section then:
d(fPw) =d(f?) Nw + fPdw = fPdw

We may phrase this linearity more concretely in terms of the relative Frobenius (Def. |3.3.6]).
Recall that if S is an F,-scheme, then the absolute Frobenius Fg: S — S is given by the

identity on topological spaces, and the p-th power map on Os. Let S = Spec(k). Then
the Frobenius twist X of X is the fibre product X = X xp_ S. The relative Frobenius
morphism Fy/, : X — X () is the unique morphism of k-schemes induced by Fy.

Example 3.4.1. Let X = A? = Spec(k[ty,...,t,]). Then X® = Spec(k[t'?), ..., tP)) for
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(p)

some coordinates t;° where Fx/, : Al — A}l is given by:

o tn) — (28, tP) = (¢P) . )y,
( ) — (t1, . th 1 n

Suppose we have closed subscheme Y C X with ideal generated by the polynomials
fisoos fm € Klt1, ..., t,]. If we express a polynomial in f € kfty,....t,] as f = Y, yn art’,

f(p) — Z a;;tl;

IeN™

we define:

so that:
YO = (P =0, .. fP =0} and Fyu = Fxply.

Let Fx/, : (X, Ox) — (X®) Oy )) be the relative Frobenius morphism. The natural
morphism Oyw — (Fx/i)«Ox allows us to view any (Fx/i).Ox-module as an Oy -

module.

Lemma 3.4.2. Let k be an algebraically closed field of characteristic p > 0. Let X be
a smooth k-variety of dimension n and let Fxp;, + X — X®) be the relative Frobenius

morphism.
i) Fx/i is a purely inseparable, finite, flat morphism of degree p™.
i) (Fx/k)«Ox is a locally free Oy -module of rank p™.

Proof. i) In fact, the relative Frobenius morphism is finite for any finite type k-scheme
[stacks-project, Lemma 33.36.8]. By so-called ‘miracle flatness’ [Mats89, §23], X is

regular so F/, is flat.
ii) By |[Mats89, Thm. 7.10], a flat and finite morphism is locally free. ]

Let X be a regular k-variety of dimension n and ¢4, ..., t,, be local regular coordinates.
To avoid confusion between local sections of Ox and Oy, if f is a local section of Ox
we write f ® 1 for the corresponding section of Oy, = Ox ®p, Os. (ii) implies that any

local section f of Ox has a unique expression:

_ D 4i
f= E it
0<i<p
1<j<n

xX® /k
X® . As F x/k is locally free, by pushing forward we obtain a complex of locally free

for local sections f;; of Ox. Consider the de Rham complex 2 of the Frobenius twist

O x »-modules:
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By our previous discussion, the derivative maps in this complex are &y -linear and we

can take cohomology to obtain the coherent @'y ,)-modules:

A ((Fxpe) %) -

Theorem 3.4.3 (Cartier isomorphism). Let k be an algebraically closed field of character-
istic p > 0 and let X/k be a regular variety of dimension n. Then for 0 < i < n we have

an isomorphism of coherent O -modules:
G Qo — K (Fxpi) ) 5

where, for a local section x of Ox we denote by x ® 1 the corresponding section of O ),

and €~ is the unique ﬁg)—lm@ar morphism satisfying:
¢ Hd(z®1)) = [2P~dx].

In fact, €1 defines a well defined isomorphism of graded Oy ) -algebras:

(. @Qiam/k — @%z ((Fx/m)«Q%n,) -
=0 1=0

We refer to the inverse € as the Cartier isomorphism.

Proof. See [LI79, §2]. O

3.4.2 The Cartier operator

Let C' be a smooth, complete curve over an algebraically closed field k of characteristic
p>0. Let Fyp : C — C®) be the relative Frobenius of C. As discussed, Feyy, is finite, flat
and purely inseparable of degree p. In fact, the Frobenius is the prototypical inseparable

map of curves in the following sense:

Proposition 3.4.4. Let k be an algebraically closed field of characteristic p > 0 and let
f:C — D be a finite morphism of smooth, projective curves over k. Then there exists an

integer e > 0 and a finite, generically étale map 5 : CP°) — D such that:

C f

> D
()

C/k

commutes.

Proof. As the curves are smooth and projective, there is a (contravariant) equivalence

between finite morphisms and finite field extensions, so we may work with functions fields.
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There exists an intermediate field extension k(C')/K/k(D) such that k(C)/K is purely
inseparable of degree p® say, and K /k(D) is separable. Precisely, K is the separable closure
of k(D) in k(C). Then, the field extension k(C')/K correspond to the e-th iterate of the
Frobenius F, C(f/)k : C' — O”°). The extension K/k(D) is separable so that the corresponding
morphism C(® — D is generically étale. m

More generally, when C' and D are integral but not necessarily smooth over k, one
can still write [k(C) : k(D)] = [k(C) : K| - [K : k(D)] where k(C)/K is purely inseparable
and K/k(D) is separable. This motivates the following definition:

Definition 3.4.5. Let k& be an algebraically closed field of characteristic p > 0 and let

f : C — D be a finite morphism of integral curves. Then we may decompose the degree:

deg(f) = insep.deg(f) - sep.deg(f)

into the (purely) inseparable degree and separable degree respectively. When C' and D are

smooth, this comes from the unique decomposition:

F(e>
fro = o) 5 p,

Note that insep.deg(f) = p® is always a power of p.
We note the following easy corollary:

Corollary 3.4.6. Suppose that f : C — D is a finite morphism of smooth curves over an
algebraically closed field of characteristic p > 0, and that deg(f) is coprime-to-p. Then f

is generically étale (separable).

Let Qf Ik be the sheaf of Kahler differentials. Then the algebraic de Rham complex
is given by:
O—>@’Ci>§210/k—>0.

The Cartier isomorphism is then given by:
d ~
Composing € with the natural map

(Foym)- Q. — coker ((Fop)Oc % (Fop) Q)

we obtain the Cartier operator:

Definition 3.4.7. Let k be an algebraically closed field of characteristic p > 0. Let C'/k

be a complete, non-singular curve. The Cartier operator is the morphism of locally free

47



O c»-modules:

G (Fom)Qom — Qi

where, if ¢ is a local coordinate of C, t®) the corresponding local coordinate of C?), and f

a local section of O then there is a unique expression:
f=f+ e+ o+

for local sections f;. Thus, for a local section f - dt of Qf, /i We have:
C(f-dt) = (fo1®1)-dt?.

Remark 3.4.8. In the literature, the terms Cartier operator and Cartier isomorphism are
often used interchangeably. We make the distinction between the two here; that the Cartier
operator is the morphism of line bundles above. It is only defined for curves and is not in

general an isomorphism.

3.4.3 Lifts of Frobenius

Let k be an algebraically closed field of characteristic p > 0 and let Cy/k be a smooth,
complete curve of genus g. Let Wy(k) denote the Witt vectors of length 2. Recall that by a
lift of Cy to Wy (k) we mean a flat morphism C; — Spec(Ws(k)) such that Cy Xy, k = C
(cf. . Similarly, by a lift of Frobenius, we will mean a morphism £} : Cy — D; between
flat R;-schemes that restricts to F,/x. There is a key relationship between liftings of

Frobenius and the Cartier operator:

Proposition 3.4.9. Let k be an algebraically closed field of characteristic p > 0 and let
Co/k be a smooth, complete curve. Then liftings of the Frobenius Fe,, : Co — Cép)

corrsepond to sections of the Cartier operator € : (FCo/k)*Qlco/k — Qé@) . Namely, given
0

Jk
a morphism Fy : Cy — Dy between flat Ry-schemes that restrict to Fg, i, there exists a
morphism line bundles:

T Qlcép)/k — (FCO/k)*Qlco/k

such that T o € 1is the identity.

Proof. The following calculations can be gleaned from [Maz73|. Suppose that z; is a local

section of Op,. By flatness, we may write F;'(z1) = 2} + p- y; for a local section y; of O,
(cf. Lemma . Thus, if 2 - dt; is a local section of QlDl Ry the derivative of F} is given
by:

QDl/R1 — (Fl)*QC&/Rl;

xy - ds; — F*(xl)(psﬁ’_l ~dsy 4+ p-dyr),
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and so we have a factorisation:

QlDl/Rl > (F1>*Qlc<1/R1

R/

p(Fl)*Qlcl/Rl-

Again, by flatness, we may associate the modules p(Fl)*Qlcl/Rl and (FCo/k)*Qlco/k and so

obtain a morphism of sheaves:
T Qoép)/k — (FCo/k)*Qlc’o/k

By the local calculations above, if (2o ® 1) - dt((]p ) is a local section of Q then 7((zo ®

1) - dt”) = 2P~ - dt,. By the local expression in Def. [3.4.7, it is easy to see that 7o % is
the identity. O

Raynaud employs this fact in [Ray83-2] to show that the Frobenius cannot be lifted

on higher genus curves:

Corollary 3.4.10. Suppose that Cy/k is a complete non-singular curve of genus g > 2.
Then the Frobenius on Cy cannot be lifted.

Proof. The line bundles €2 ) Ih
0

respectively. Thus, if the composition:

and (Fy/k)+Qg, 1, ave of degree 2g—2 > 0 and p(2g—2) > 0

4 T
0 = (Fou/m)« Q6 — = (Fooi)« Q5 — 0

is the identity, then % is a monomorphism between sheaves of strictly decreasing degree,

which is a contradiction. O

Remark 3.4.11. Let k be a perfect field and X /k a non-singular variety. Let Fy, : Xo — Xj
denote the absolute Frobenius and let Fx /@ Xo — X[()p ) denote the relative Frobenius.
Suppose that there exists a flat lifting X; over S} := Spec(Ws(k)) of Xy over Sy := Spec(k).
If there exists an endomorphism Fj : X; — X; extending the absolute Frobenius Fy, then
we may take X| := X X, S; where ¢ : (ap,a1) — (af,al) lifts the Frobenius on k to
Wy (k) and there exists a unique morphism X; — X7 lifting the relative Frobenius induced
by Fi.

On the other hand, as k is perfect, there is an inverse ;' to the Frobenius on
Ws(k). Then, we may similarly associated X; = X] X -1 51 and so we see that lifts of
the absolute Frobenius correspond to lifts of the relative Frobenius by symmetry. Thus we

may interchange these notions.

49



3.5 Mixed characteristic deformation theory

We state (mostly without proof) the requisite facts from deformation theory used to deform
a characteristic p > 0 variety or morphism to characteristic p? or to characteristic 0. The

main reference will be [Har10].

3.5.1 Formal schemes
Let A be a noetherian ring and I an ideal. Recall that (cf. [3.1.1)) the I-adic completion of
A is given by the inverse system:

A= lim (A1 AT? + ...).

Consider the corresponding affine scheme X = Spec(A) and closed subscheme Y =

Spec(A/I). We can consider the corresponding sequence of spaces:
Y —>Y <Y, — ..

where Y,, := Spec(A/I,). These all have the same underlying topological space. We define
the formal completion of X along Y to be the locally ringed space:

X = Spf(A) = lim V..
The sheaf 0y is defined on opens Dy C X by:

05(Dy) = lm(A/L,);.

More generally, for a noetherian scheme X and a closed subscheme Y, with sheaf of ideals
&, we define the formal completion of X along Y to be the locally ringed space (X’, o)
where:

Og =1m0/.5",

Definition 3.5.1. A (noetherian) formal scheme (2,04 ) is a locally ringed space ad-
mitting a finite open cover {%;} such that, for each i, the pair (%, 04 |4,) is isomorphic
to the completion of some noetherian scheme X; along a closed subscheme Y;. We say that
(2, 0y) is algebraisable if it arises as the completion of a single noetherian scheme along

a closed subscheme.

Example 3.5.2. i) Let X be a noetherian scheme and z a closed point. Then X is
topologically a one-point space with structure sheaf given by the completion of the

local ring ﬁ/)zp.
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ii) Let A be an abelian variety over an algebraically closed field k£ and let e € A(k) be
the identity section. The formal Lie group associated to A which we denote by I, is

the completion of A along e. As A is smooth and projective, we have that:

—_

ﬁA,e = k?[[tl, ...,tgﬂ;

where t; are regular coordinates for A and ¢ is the dimension. The multiplication
map m : A xX; A — A then induces, after passing to the completion, a formal group

law:
fok[xy, o xg] = k[s1, ., sl@rk[te, o0 t,].

This is called the formal (Lie) group attached to A. Note that, as in (i), Spf(gA\,e) is
just a point, so all the information of the formal Lie group is contained in the formal

power series f.

We can carry through many of the usual definitions from schemes to formal schemes.

We state some definitions that we will use later in our discussion of deformation theory:

Definition 3.5.3. Let X be a noetherian scheme, and Y a closed subscheme with corre-
sponding ideal sheaf .#. Let X denote the formal completion of X along Y. Let Z be a

more general noetherian formal scheme.

i) Let .# be a coherent sheaf on X. We define the formal completion of .%# along Y to
be the sheaf on Y:
7 =linF|I"F.

ii) A sheaf of @»-modules ¢ is said to be coherent if there exists some open cover X; of
formal completions of noetherian schemes (along some closed subscheme) such that

9| %, = ,/?\l for some coherent sheaf .%; of O, modules.

3.5.2 Flat liftings

Let R be a complete DVR with uniformiser 7, residue field k = R/ of characteristic p > 0
and fraction field K of characteristic. We are mainly interested in the case R = W (k)
where we can take p = 7. For each n > 0, we define the truncated rings R, := R/7""'R.

These are artinian local rings with residue field k.

Let Xo/k be a smooth, proper variety over k. By a lifting of X, to order n we
will mean a flat scheme X, /R, such that (X,)r = X,. Such liftings are referred to
as infinitesimal liftings as the X,, are identical as topological spaces, but differ in their

nilpotent structures as schemes. Suppose we have liftings X,,/R,, for each n and that they
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are compatible in the sense that:

(Xn+1)Rn = XTL?

for each n. This then defines a formal scheme 2 := @n X,,. We say that a flat scheme
X/R is a lifting of Xo/k if Xy =2 Xy. Equivalently, 2" is algebraisable and 2~ = X the
formal completion of X along the closed subscheme X (cf. Def. |3.5.1]).

Given such a family X — Spec(R), we have a flat deformation between the spe-
cial fibre Xy and the generic fibre Xx. We say that these two schemes are deformation

equivalent. This gives the following diagram:

Xg ——mmm X

| !

Spec(k) —— Spec(R)

As X is flat over R, the fibres share certain properties like dimension and arithmetic genus,
however, they can differ in subtle ways and other invariants do not tend to be preserved.
We first note the criterion for flatness over R;. Recall that a module M; over R; is flat if
and only if the functor — ®p, M; is exact. It is automatically right exact, so one needs to
only check if it preserves monomorphisms. The following lemma shows that we need only

consider the exact sequence of Ri;-modules:
0—>nR — R — k—0.

Remark 3.5.4. If R is the ring k[r] then, R, = M . k[e] gives the dual numbers over k

2
and the exact sequence:
0 — ekle] — kle] — k — 0,

splits via the section k& — k[e]; 1 — 1+ 0-e. On the other hand, if k£ has characteristic
p>0and R =W(k) then R; = W5(k) and the exact sequence:

0 — pWa(k) — Wh(k) — k — 0

cannot split as there are no ring homomorphisms from &k to Ws(k). (The former is of
characteristic p whereas the latter is of characteristic p?). Note that, in either case we have

an isomorphism of R;-modules:

k — mRy;

Qg —— T - ay,

where a; is any element of R; such that a; = ay (mod ).
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Lemma 3.5.5. Let M; be an Ri-module and My = My ®gr, k = My/nM;. Then M; is
flat if and only if the natural map:

M() = M1/7TM1 1} Ml,

z+7mM— 7x

15 injective. FEquivalently, we can identify My as the submodule TM; C M.

Proof. Recall that M, is flat if and only if Torf™ (M, N) = 0 for all Ry-modules N. By the
local criterion for flatness [Harl0, Lemma 2.1] as R; is noetherian it is sufficient to check
this for N = R;/p for every prime ideal p C R;. However, the only prime ideal of R; is
generated by m so M is flat if and only if M; ® — preserves flatness of the following exact
sequence:

0=k R —k—0;

i.e. if and only if the following sequence is exact:
0— My = M, — My — 0.

Finally, tensoring is always right exact so we only need to check injectivity. O]

Recall that a morphism of schemes f : X — Y is flat if and only if, for every point
r € X with y = f(z) € Y, the local ring Ox, is flat as a Oy,,-modules. Generalising the

above criterion to schemes, if S} is an R;-scheme and Sy := 57 X g, k, we then have:

Corollary 3.5.6. S; is a flat Ri-scheme if and only if the natural map:
g ﬁSO — Wﬁsﬁ

s an isomorphism, where 7 is used to denote the section of Os, generated by m € R;.

More generally, if f : X — Y is a morphism of schemes and .% is a sheaf of Ox-
modules, then we say that .7 is flat over Y if .7, is flat as a Oy, s(;)-module for each z € X.
Similarly, if S; is an Rj-scheme and .#; a sheaf of 0g -modules, then .7 is flat over R;
if and only if there is an isomorphism .%, = 7.%; where %, = %, ® O, is viewed as an

Os,-module.

Infinitesimal lifting criterion

Let X/k be a variety over an algebraically closed field k of dimension n. We say that X is
non-singular if for every point x € X, the local rings Ox , are regular local rings i.e. the
maximal ideals myx , can be generated (minimally) by n elements. By Nakayama’s lemma,

this is equivalent to the cotangent space of X at z: my,/ m%m being of dimension n (as a
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k-vector space). The infinitesimal lifting criterion is the statement that (as X/k is of finite

type), X being non-singular is equivalent to it being formally smooth:

Proposition 3.5.7 (Infinitesimal lifting criterion). Let X/k be a non-singular variety and
let Y = Spec(A) be an arbitrary affine scheme. An infinitesimal thickening Y' = Spec(A’)
is an affine scheme, such thatY C Y is closed and the ideal J of Y is nilpotent. Then for
any morphism f Y — X there exists a lifting:

v
YT>X

Proof. [Harl0, Prop. 4.4] O

3.5.3 Lifting schemes from characteristic p to characteristic 0

We now state the first deformation theory problem we wish to consider. Let R be a
complete DVR using the notation in the previous subsection, of mixed characteristic.
Suppose that X, is a projective, non-singular variety over k. Assume further that k is
perfect of characteristic p > 0. We wish to understand how to lift X, to a flat R-scheme X.
Then X is of characteristic 0 and we have ‘lifted’ X, from characteristic p to characteristic
0. We do this in the following steps which we will see are essentially replicated in the other

deformation theory problems we consider:

Proposition 3.5.8. Suppose that there exists a flat scheme X,, over R, that lifts Xy. Then
the obstruction to lifting X, to a flat scheme X, 41/ R4 lies in H*(Xo, © x,/x) where © x, i,
1s the tangent sheaf of Xo.

Proof. See [Harl0, Thm. 25.3]. O

If H*(Xo, ©x,/x) = 0 then we say that deformations of Xy are unobstructed. Suppose
that we can lift X to X;. We will see that the different possibilities for X are parametrised
by a group.

Remark 3.5.9. Consider a perfect field k of characteristic p > 0 and the two rings Wy (k)
and kle] as in Remark [3.5.4f Suppose we have a smooth projective variety Xo/k and we
want to lift it to X;/R; where R; is one of the two rings above. If Ry = D then we always
have a trivial lifting:

XV = X %, Spec(k[e]);

which exists as k[e] is a k-algebra. Indeed the lifting X"V corresponds to the identity of
the group of possible liftings. However, in the case R; = Ws(k) there is no ‘preferred
lifting” of X.
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Torsors

Definition 3.5.10. Let G x § — S be a left action of a group GG on a set S. We say that

S is a torsor or principal homogeneous space for G if the action is free and transitive.

Equivalently, for each element s € S, we have an isomorphism:

G x{s} — S;

(9,8) —>g-s.

So that S is isomorphic to the group G, except has no preferred identity. However, once

we fix an element sy € S we can consider S to be a group with identity sq.

Proposition 3.5.11. Let k be a perfect field of positive characteristic p > 0 and let
Xo/k be a non-singular variety with lifting X, /R, for some n > 0. Then the set of
isomorphism classes of possible liftings X, 11/ Rn11 is a torsor under the cohomology group
H'(Xo,Ox,/k)-

Proof. See [Harl10| §25] O

Note that if Xy cannot be lifted, then we should really refer to the set of possible

liftings as a pseudotorsor where the set S in the above definition is empty.

Algebraicity criterion

Suppose now that we are able to lift our variety X, /k compatibly to X,,/R,, for each n > 0.
We then obtain a formal scheme 2" := liﬂXn. We would like to understand when 2 is
algebraisable (cf. Def. , namely, when does there exist a locally noetherian scheme
X — Spec(R) whose formal completion X — Spf (R) coincides with 277

Serre’s GAGA principle [Serb6] relates the category of coherent sheaves on a complex
algebraic variety and it’s ‘analytification” where we consider, more generally, sheaves of
modules of holomorphic functions. Grothendieck proved the analogue of Serre’s statement
for formal schemes. As for complex manifolds, this provides tools for determining when an

analytic/formal object can be constructed from an algebraic one i.e. arises from a scheme.

Theorem 3.5.12. Let R be a complete DVR. Suppose that f : X — Y is a separated,
finite type morphism of R-schemes. Let X (resp. f/) denote the formal completion of X
along its special fibre Xo (resp. Y along Yy). Then there is an equivalence of categories
F ﬁfmm the category of coherent sheaves % on X whose support is proper over Y,

to the category of coherent sheaves on X whose support is proper over Y.

Proof. See [EGA| III, Thm. 5.1.4]. O
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Corollary 3.5.13. Let f: X — Y be as in the previous theorem, and let 2 be a general

noetherian formal scheme over Spf(R).

i) There is a bijection between closed formal subschemes 2~ C Y and closed subschemes

X CY, proper over Y under the assignment X > X.

i1) Suppose that f : X — Y is finite. Then the assignment f : X — Y to f X Y
15 an equivalence from the category of finite Y -schemes to the category of formal

Y -schemes, proper over'Y .
Proof. i) See [EGA| III, Thm. 5.1.8].

ii) See [1105, Cor. 4.6]
U

It is a more subtle question to algebraise infinitesimal deformations of abstract
varieties and it is for this reason that we restrict our attention to projective varieties X /k.
Let % be a very ample line bundle on X defining a closed embedding Xy < P% for some
N > 0. Consider P} and its formal completion along PY. Then, to lift X, to an algebraic
R-scheme, we can lift it infinitesimally along with the line bundle %, and then apply (i)

above to algebraise the lift to a projective R-scheme embedded in P%.

Theorem 3.5.14. Let R be a complete DVR with residue field k and uniformiser w. Set
R, := R/7"". Let Xy be a proper variety over k and suppose that we have compatible
liftings X,, for each n > 0 and set & = @n Xn.

i) Let £y be an ample line bundle and suppose that £, is an invertible O, -module
such that £, ® Xg = %y. Then, the obstruction to lifting £, to an invertible sheaf
on X1 lies in H*(Xy, Ox,).

ii) Suppose that A is an invertible line bundle on Oy such that # ® X, is ample.
Then & = X is algebraisable and there exists a unique ample line bundle £ on X
such that £ = M.

Proof. See [EGA| III, Thm. 5.4.5] O

Corollary 3.5.15. Let X, be a projective variety over k with H*(X,, Ox,) = 0. Suppose
that we can lift Xo to a formal scheme Z  over R. Then Z is algebraizable.

Putting this all together, we have criteria for lifting smooth projective schemes from

characteristic p > 0 to characteristic 0:

Theorem 3.5.16. Let R be a complete DVR of characteristic 0 with residue field k of

characteristic p > 0. Let Xy be non-singular projective variety over k. Suppose that:

HQ(X(), ﬁXo) =0 and HQ(X(), @Xo/k) =0.
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Then there exists a flat R-scheme X such that X, = Xj.

Proof. See [Har10, Thm. 25.3] O

Importantly for us, we can always lift curves:

Corollary 3.5.17. Let Xy be a smooth projective curve over k. Then there exists a lifting
of Xy to R.

Proof. Suppose that X, is a smooth projective curve. As dim(Xy) = 1 the cohomology
groups H?*(Xy, Ox,) and H?(Xy, O x,/k) vanish. O

3.5.4 Lifting closed subschemes

Suppose that k is an algebraically closed field of characteristic p > 0 and that R is a
complete DVR of characteristic 0 with residue field k. Suppose that Ag/k is a non-singular
variety. Suppose that Ag/k admits a lift A/R and ig : Xy < Ap is a local complete
intersection. We have already discussed how to lift X abstractly, but how can we lift X

to successive closed subschemes i, : X,, < A, over the ring R, such that i,|x, = io?

Let & := ker(O4, — (i9)«Ox,) be the ideal sheaf of X, in Ay. We define the
conormal sheaf to be €x,/a, = S/ IE viewed as an Ox,-module. As X is a local
complete intersection, €x,/a, is locally free of rank codimy,(Xo). Dually, we have the
normal sheaf Nx,/a, = (€x,/4,)". Correspondingly, we have an exact sequence of sheaves
of Ox,-modules:

0— ®Xo/k — ®Ao/k|X0 — </VXO/A0 — 0.

Proposition 3.5.18. Suppose for some n > 0 that there is a flat lifting i, : X,, — A,.
Then the set of flat liftings i1 : Xpny1 < Ans1 of iy s naturally a torsor under the global
sections of the normal sheaf H®(Xo, Nx,/,)-

Proof. See [Har10, Thm. 6.3]. By Lemma for Ox,-modules, a flat lifting i, : X; — A,

corresponds to a flat ideal sheaf .# C &4, that fits into an exact sequence:
O—>f0—>ﬂ1—>ﬂ0—>0.

Hartshorne shows that the difference of two such extensions .#, .#] € Ext' (%, .%) induces
a morphism %, — Oy, that vanishes on 2. Namely, we have a section of the normal
bundle:

H®(Xo, Nxy4,) = Hom( I/ S5, Ox,).

He then proceeds to show that this does indeed define a torsor. O

Again, as we are in the mixed characteristic case there is no ‘preferred’ lifting of
Xp to a closed subscheme X; C A;. As in the case of an abstract lifting, there is a

cohomological obstruction to the existence of a lift:
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Proposition 3.5.19. Suppose for some n > 0 that there is a flat lifting i, : X,, — A,.

Then the obstruction to lifting i, to inyq @ Xps1 — Anyq 1S an element of the cohomology
group H'(Xo, Nxo/,)-

Proof. See [Harl0, Thm. 6.3]. O

Applying the algebraicity criterion of Corollary [3.5.13| (i), if we have a comptabile
system of closed subschemes 2~ = @Xn then this is automatically algebraisable and

arises from a closed immersion i : X < A of a flat R-scheme lifting i : X < Ap.

3.5.5 Lifting finite morphisms

Finally, we discuss lifting finite morphisms fy : Xo — Y over k to the rings R, and R. By

considering the graph of f, we see that this is a special case of the previous subsection.

Theorem 3.5.20. Let k be a perfect field of characteristic p > 0. Let fy : Xg — Yy be
a finite flat morphism of projective k-schemes. Let X and Y be flat liftings of Xy and Yy
respectively to R.

i) Suppose that f, : X, — Y, is a finite flat morphism extending fo. Then the ob-

struction to extending f, to a finite flat morphism fni1 @ Xpy1 — Yui1 lies in
Hl(XOvﬁom(faTQYo/k)?ﬁXo))'

it) If a lifting f, : X,, — Y, exists, then the set of possible extensions fni1 of fn (up to
isomorphism) is a torsor under H°(Xo, om(f5(Qy,/x), Ox,))-

iii) If there is a compatible set of liftings f, for everyn > 0 then the morphism of formal
schemes f + X — % is automatically algebraisable. Namely, there exists a finite flat
morphism g : X — Y such that f = g.

Proof. (i) and (ii) are in fact special cases of Prop. [3.5.18 and Prop. [3.5.19] For ease of
exposition, we will only consider the problem of lifting f, : Xo — Yy to f1 : X3 — Yi.

Let 'y, : Xo — Xo X Yy denote the graph morphism (Id, fy). This is a closed immersion.
Taking X7 x g, Y7 as the flat lifting of Xy < Yy, the obstruction to lifting the graph of f
(and thus to lifting fy) is given by the first cohomology group of the normal sheaf At o

On the other hand, there is an exact sequence:
0— %Ffo — Fj’OQXOXYO/k — QXo/k — 0;
noting that the graph is a complete intersection. We have the isomorphism:

F}OQX()XY()/k = QX()/k‘ EB f(TQY()/k
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Moreover, the short exact sequence splits as the projection map pr; : Xo X Yo = X

induces a section. Overall, we have:

Cr, = fo (Qyvsm);

and thus A, = Hom(f5(Qyyr), Ox,). As in the case of closed subschemes, finite mor-
phisms are also algebraisable (cf. Cor. [3.5.13)). n

3.6 Serre-Tate moduli

Throughout this section, we fix an algebraically closed field k£ of characteristic p > 0.
Our main reference will be [Ka78]. Let Art, denote the category of artinian local rings
(R, mpg) with residue field R/mpr = k. Let Ag/k be an abelian variety of dimension g. An
infinitesimal deformation or infinitesimal lifting of Aq is a flat scheme A — Spec(R) such
that Ay = Ag. We restrict our attention to liftings that are additionally abelian schemes,
namely, A — Spec(R) is a proper, R-group scheme. We then define the formal moduli
functor Def 4/, : Art, — Set by:

R — {A — Spec(R) | A abelian R-scheme with A, = Ay}/ =.

We say that Def,,,, is pro-representable (cf. [3.2.5)) if there exists some complete local
noetherian ring (#Z, my) with residue field & such that:

Def 4/x = lim Hom(%,,, —).

This implies that there exists a universal formal deformation </* — Spf(Z#) (corresponding
to Id € Hom(Z, %)) where &/* is a noetherian formal scheme (Def. [3.5.1). i.e. for each

n > 0, writing %, := %/m;}*l and & = " X4 X, we have an isomorphism:

Def 4,/ (R) = lim Hom(%,, R)

that is natural for R € Artg. Then, if A — Spec(R) is some infinitesimal deformation,

there exists an integer N > 0 and a pullback diagram:

/| —

l |

Spec(R) —— Spec(Zy)

Recall that the p-rank of Ay is the integer 0 < i < g such that |A[p](k)| = p* (Prop.[3.2.7).
When ¢ = g we say that Ay is ordinary. The theory of Serre-Tate is split into two parts:
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i) Liftings of Ay to A — Spec(R) for some local artinian ring R are in correspondence

with liftings of the p-divisible group Ag[p™] to some p-divisible group G — Spec(R).

ii) When Ay is ordinary, Def 4,/ is pro-representable by a formal moduli space «////;0 Jk

which carries the structure of a formal torus (G, wu))? over the Witt vectors W (k).

A striking consequence of (ii) is that, for an artinian local ring R, there is a distinguished
canonical lifting A" /R corresponding to the identity element of (G,,)?"(R) = (14 mg)?".
This is in stark contrast to the general set-up of deformations in mixed characteristic where
there is no ‘preferred’ lifting of a general variety to characteristic zero, and the space of

possible liftings is a torsor under a certain cohomology group (Prop.|3.5.11)).

Remark 3.6.1. Note that there are counterexamples for non-ordinary abelian varieties Ag/k
being liftable to a flat scheme A/W (k) |Oort-Norm80|. However, there always exists a
ramified extension R O W (k) over which a given non-ordinary abelian variety Ay is liftable
to a flat scheme A/R.

On the other hand, it follows from Serre-Tate theory that ordinary abelian varieties
always admit unramified liftings, i.e. liftings to the Witt vectors. However, we are primarily
interested in elliptic curves, and by Cor. supersingular elliptic curves Ey/k still admit

unramified liftings.

3.6.1 Serre-Tate theorem

The main statement of the Serre-Tate theorem describes the infinitesimal deformation
theory of any abelian variety Ag/k. The key observation of Serre was that infinitesimal
deformations of Ay are in 1:1 correspondence with deformations of the p-divisible group
Ao[p>] (Def. [3.3.1). We make this precise by phrasing this as an equivalence of categories.

Theorem 3.6.2 (Serre-Tate Theorem). Let k be an algebraically closed field of charac-
teristic p > 0. Let R be an artinian local ring with residue field k. Let AbSch/R denote
the category of abelian schemes over R, and let & denote the category of triples (Ao, G, €)
where Ag is an abelian variety over k, G is a p-divisible group over R and € : Gy — Ay[p™]

s an isomorphism of p-divisible groups. Then there is an equivalence:

AbSch/R — ;
A (A, Ap™], (AP™])r == Alp™))

i.e. deformations of Ao are determined by deformations of Ag[p™].

Proof. See [Ka78, Theorem 1.2.1]. O

60



3.6.2 Serre-Tate formal moduli

Let k be an algebraically closed field of characteristic p > 0 and let Ay be an ordinary
abelian variety over k of dimension g. Let Ay denote the dual abelian variety. Note that

Ay is also ordinary as it is isogenous to Ay. Denote by:
T, A := lim Aolp"](k)

the p-adic Tate module (cf. Def. [3.2.37)). Similarly, we denote by T,,Ay the Tate module of
Ay. By the ordinary assumption, these are free Z,-module of rank g. Denote by Gm,w(k)

the formal completion of G,, ) at the identity section. Suppose we choose coordinates
Gu,w (k) = Spec(W (k)[t*!]), and using the notation of Ex. we take:

G = SpE(W (k)[TT])

where T'=t — 1. Thus, if (R, mg) is a complete noetherian local ring, or an artinian local
ring with residue field k&, G,,(R) is the set of morphisms W (k)[t — 1] — R such that ¢ gets

sent to the maximal ideal mgz. Thus we have:

~

sometimes referred to as the principal units of R. We are now ready to state the main

result on formal moduli of ordinary abelian varieties:

Theorem 3.6.3. Let k be an algebraically closed field of characteristic p > 0 and let Ag/k

be an ordinary abelian variety.

i) Let R be an artinian local ring with residue field k. Then there is natural isomor-

phism:

Def 4, /x(R) — Homgz, (T,A¢ @ T,AY, G, (R));
(A — Spec(R)) — q(A/r; —, —).

i) Moreover, the infinitesimal deformation functor Def s,/ is pro-representable by a

formal moduli space //ZAo/k with the structure of a formal torus of rank g*:

My, = Homg, (T, Ay @ Ty A, Gy).

Proof. See [Ka78, Theorem 2.1]. O

Suppose we fix an infinitesimal deformation A/R of Ay/k. We may think of the
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associated bilinear map:
q(A/R; —, =) : Ty A % TpA(\)/ — Gm(R)

as a ‘lifting’ of the Weil pairing. Recall that any notion of Weil pairing on the p-adic Tate
module of an abelian variety in characteristic p > 0, taking values in k is trivial (Remark
, and so Katz ‘lifts’ the values of his pairing to Gm(R) = 1 + mp where there are
non-trivial p™-th roots of unity. By fixing Z,-bases of T,A, and T,Ay, it is clear that
specifying such a bilinear pairing is equivalent to specifying g? principal units. These are
referred to as the Serre-Tate coordinates of the lifting A/R. Let Ay denote the formal
group attached to Ay (cf. Ex. . We first note the following lemma:

Lemma 3.6.4. Let k be an algebraically closed field of characteristic p > 0 and let Ag/k be
an ordinary abelian variety. Then, for each n > 0, the connected-étale sequence of Ap[p™]
s given by:

0 = (kpnx)? — Ao[p"] = (Z/pZ)* — 0

and so Ag[p"] and Ao[p"](k) are dual under Cartier duality.

Proof. This essentially follows from Theorem [3.3.17, We have that Ag[p"]* = Ag[p"](k) =
(Z/pZ)? as a constant group scheme. Then, as taking the Cartier dual commutes with

finite products we have the lemma. O

Thus, the connected-étale sequence of the p-divisible group of Agy is given by the

split extension (cf. Ex.|3.3.10)):

0 — Ay — Ag[p™] = T, Ao @z, (Q,/Z,) — 0.
For each n > 0, Cartier duality induces an isomorphism:
Aolp"] =+ Hom(A [p")(K), pyr )-
Taking the limit we see that:
Ay S Homg, (T, Ay, Gk)-

After a choice of Z,-basis of T,Ay, we have an isomorphism AO =~ (Gmk)g and thus we refer
to Ay as a toroidal formal group. Similarly, after a choice of Z,-basis of T,,Ag, T)Ag @z,
(Qp/Z,) = (Q,/Z,)? is the étale, constant p-divisible group of height g. (Q,/Z,)? admits a
unique lifting to the same constant group scheme over R as it is étale. Thus, Ay also admits
a unique lifting to the toroidal formal group Homz, (T, Ay, Gm r) by duality. Overall, we

obtain the following;:
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Proposition 3.6.5. Let k be an algebraically closed field and let Ag be an ordinary abelian
variety over k, of dimension g. Suppose that R is an artinian local ring with residue field
k and that A/R is an infinitesimal deformation of Ay. Then, the p-divisible group A[p™]

s given by an extension:

A

0—=A— Ap™] = T,A ®z, (Qy/Z,) — 0;

where A is the formal group associated to A. Moreover, we have an isomorphism A~
Homgz, (T,AY,Gmn.r) s0 that, after a choice of Z,-basis for T,Ay and T,Ay, we have iso-
morphisms:

~

A

1%

(Gm.g)? and A[p™* = (Q,/Z,)’.

The g¢-pairing associated to the lifting A/R can be described as follows. As R is
artinian with residue field k of characteristic p > 0, there exists some integer n > 0 such
that m’ = 0. In particular, p"A(R) = 0 (as A(R) takes values in mg and k = R/mp is

of characteristic p > 0). Thus, there exists a well defined ‘lifting’ homomorphism:

Ao(k) — A(R);

To — p'x

where x € A(R) is any lift of xy. Note that, a lift always exists as A/R is smooth (this
is Prop. applied to Spec(R)). Moreover, the map is well-defined as for any other

lifting 2’ € A(R), the difference # — 2’ is in the kernel of reduction, and so is contained in

~

A(R) (Ex.[3.3.12[ (ii)). This lifting homomorphism, restricted to p™-torsion for each n > 0,

induces a homomorphism of Z,-modules:
war : TyAg — A(R) = Homg, (T, Ay, Gu(R))
Specifying such a homomorphism is equivalent to defining a pairing:

q(A/R; —,—) : T, A TpAg — ém(R);

(@, @) — pa/r(a)(d).

3.6.3 Properties of canonical liftings

Let k an algebraically closed field of characteristic p > 0 and let W (k) be the Witt vectors
associated to k. For an ordinary abelian variety Ag/k, as described there is a universal
formal deformation & over G,, and the canonical lifting corresponds to the unit section.
By Thm. [3.5.14] this formal scheme is algebraisable and we refer to it as the canonical
lifting &7/°* — Spec(W (k)) of Ay to W (k). As discussed, the p-divisible group of Ay is
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given by the split short exact sequence:
0= Ay = Ag[p™] = (Q,/Z,)* — 0;

where Ay is the formal completion of Ay at the identity. We know that (Q,/Z,)? and A,
are Cartier dual. As (Q,/Z,)? is étale, it admits a unique lifting to W (k), and by duality so
does Ag. Thus, any other abelian scheme o — Spec(W (k)) lifting Ao, by the Serre-Tate

theorem, is determined by an extension:
0= o — o p*] = (Q,/Z,)? — 0.

By the associated bilinear pairing in Theorem [3.6.3] the canonical lifting can be charac-
terised as the unique up to isomorphism lifting of Ay corresponding to the trivial extension
o % (Qp/Z,)?. The following provides another important characterisation of the canonical

lifting of an ordinary abelian variety:

Proposition 3.6.6. Let k be an algebraically closed field of characteristic p > 0 and let
W (k) denote the Witt vectors of k. Suppose that Ay is an ordinary abelian variety. Then
there is a unique up to isomorphism lifting o7 ™ /W (k) of Ay such that the natural map:

End(«7“*") — End(A)

15 a bijection. This is the canonical lifting.
Proof. [Mess06, Ch. V, Thm. 3.3]. O

Corollary 3.6.7. Let Ag and By be two ordinary abelian varieties over k and let of “*

and B denote their respective canonical liftings. Then the natural map:
Hom (o7 ", ") — Hom(Ay, By)
s a bijection.

In fact, to check whether a particular lifting of an ordinary abelian variety is the

canonical one, one need only determine whether the Frobenius morphism lifts:

Proposition 3.6.8. Let Ay be an ordinary abelian variety over k and </ /W (k) a lifting.
Then of = o/ if and only if there exists a morphism:

F:o —d

that extends the relative Frobenius Fa, i, : Ao — Aép) where <" is the base change of <7 by
the Frobenius on the Witt vectors W (k) — W (k) sending (ag,as,...) — (af,af, ...).
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Proof. |Mess06, App., Cor. 1.2]. O

This should be compared with Cor. [3.4.10l Let Ey/k be an ordinary elliptic curve
and let & /W (k) be a lifting. Then, the rank p, connected group scheme Fq[p] lifts uniquely
to a rank p connected group scheme over &[p]/W (k) and the Frobenius can always be lifted

in the weak sense, namely, the quotient map:
& — &/Ep)

restricts to the relative Frobenius on E,. However, this does not provide a lifting of the
absolute Frobenius unless & is canonical. In this case, the base change &” of & with respect
to the Frobenius on W (k) coincides with the quotient & /& [p].

3.7 Inertia representations attached to elliptic curves

3.7.1 The Néron-Ogg-Shafarevich criterion

Let v be a finite place of a number field L. Denote by &, the localisation at v and k, the
corresponding residue field. We say that an abelian variety A/L has good reduction at v if

there exists an abelian scheme &/ — Spec(07,,) such that o7}, = A.

Theorem 3.7.1. Let L be a number field, v a finite place and A/L an abelian variety.
Suppose that the residue field k, has characteristic p > 0. The following are equivalent:

i) A has good reduction at v;
ii) For some prime | # p, the l-adic Tate module is unramified;
ii1) For all primes | # p, the l-adic Tate module is unramified.
Proof. See [ST03, Theorem 1]. O

Let K/L be a finite extension and suppose w is an extension of v to K. Recall that
the decomposition group D, (K/L) C Gal(K/L) is the subgroup of automorphisms which
preserve w (cf.|3.1.3). We then have an epimorphism:

D, (K/L) — Gal(ky/ky);

where k,, is the residue field of K at w. We denote the kernel of this map by I,(K/L);
the inertia group of K/L at w. Now let L/L be an algebraic closure of L. We can make
sense of these definitions for an infinite extension by noting that the absolute Galois group

is naturally an inverse limit:

Gal(L/L) 2 lim Gal(K/L)

KDL
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taken over all finite Galois extensions K /L which are partially ordered by inclusion; induc-

ing natural restriction maps on Galois groups. Let © be an extension of v to L. We then
define:

i) The decomposition group of L/L at v:

Dy := lim D,,(K/L).

KoL
ii) The inertia group of L/L at v:

I; == lim I,,(K/L).

KDL

where for each finite extension K/L, the valuation w is the restriction of v. Note

that we still have an exact sequence:
1 — I — Dy — Gal(k/k) — 1

where k is some algebraic closure of k. Recall that the extension K /L is unramified at w if
1,(K/L) is trivial (Cor.[3.1.8)). More generally, if S is a set with an action of Gal(L/L), we
say it is unramified at v if I; acts trivially. Let A be an abelian variety of dimension g over
L and n > 0 a positive integer. The multiplication-by-n map [n]s : A — A is L-rational

with finite kernel of rank n??. Thus, the (geometric) n-torsion

admits a G = Gal(L/L)-action (i.e. one can check that if z € A[n](L) and o € G, then
nz® = (nx)? = e). Thus, we have a representation of G, attached to the n-torsion points
of A:

pna: Gp — Aut(A[n](L)) = GLy,(Z/nZ).

For each prime [ > 0, one may consider the limit of the representations above for (" and
obtain a representation of the [-adic Tate module (Def. [3.2.37)):

Pl A GL — Aut(ﬂ(A)) = GLQQ(ZZ).

Suppose that the place v of L has residue characteristic p > 0 and [ # p is another prime.
Then, the Néron-Ogg-Shafarevich criterion says one need only verify that p~ 4(l5) = {1}

to see that A has good reduction at v. We note the following consequence:

Corollary 3.7.2. Let f : A — B be an isogeny of abelian varieties over a number field L.
Let v be a finite place of L for which A has good reduction. Then B has good reduction at
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v also.

Proof. See [ST03|, Corollary 2. O

3.7.2 Galois theory of local fields

The main reference for the discussion on representations of inertia groups and elliptic
curves will be [Ser72]. For the remainder of this section, we fix a number field L and a
finite place v. Let K be the completion of L with respect to v. Let R be the corresponding
valuation ring and m the maximal ideal of R. Suppose that k¥ = R/m is of characteristic
p > 0. We normalise v in the sense that, for a uniformiser 7 € R we take v(m) = 1. Then

v(p) = e gives the absolute ramification index of R (3.1.5).

Fixing an algebraic closure K /K, v extends uniquely to a (no longer discrete) valua-
tion on K which we still denote by v (cf. Prop. . Note that the absolute Galois group
Gx = Gal(K/K) coincides with the decomposition group Dy and so without ambiguity,
we denote by I C G the inertia group. Note also that the residue field of K with respect

to v is an algebraic closure k of k and that we have the exact sequence:
1 — 1 — Gal(K/K) — Gal(k/k) — 1.

Let K™ denote the mazimal unramified extension of K i.e. the union of finite unramified

extensions L/K. In fact, one may describe K™ explicitly:

K™ = UK(Cm) = U K(Gpr—1)-
ptm

n>0

Indeed, finite unramified extensions of K correspond to finite separable extensions of k.
As k is a finite field of characteristic p > 0 these are all of the form Fj.. So that F}, is
cyclic of order p"™ — 1. It is not hard to see that if L /K is finite and unramified with residue
field Fyn D k, then L = K({,n_1) for some primitive (p"™ — 1)-th root of unity (in K). The
inertia group is then given by:

I = Gal(K/K™).

Definition 3.7.3. Let K be a field of characteristic 0, complete with respect to a discrete,
normalised valuation v, and residue characteristic p > 0. Let K’/K be a finite extension

of K of ramification degree ¢’. We say that K'/K is tamely ramified if p t €’

Similarly, we can let K O K' D K™ denote the mazimal tamely ramified extension

of K. We define the wild inertia group to be the Galois subgroup:
I,=Gal(K/K") CI.
We denote by I := I/I, the tame inertia group with Galois group Gal(K"/K™).
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Remark 3.7.4. In fact, the wild inertia and inertia subgroups I, € I C Gk belong to a
filtration of the absolute Galois group:

Grgk 2Gyo2G) D ...

where G, is the subgroup of G fixing R/m"*1. It is then clear that Gy = I and moreover
Gy1 = 1, [Serl3, IV, §1]. In fact, I, is the largest pro-p-subgroup of I i.e. for each finite
Galois extension L/K, the subgroup I,(L/K) C I(L/K) is the largest p-subgroup (i.e. of
p-primary order) [Serl3, IV, §2, Cor. 3] and I, is given by the limit:

I, = lim [,(L/K).
%
The wild inertia group is, in some sense, the hardest part of the Galois group to
describe. Luckily, the representations of I that we will study are trivial when restricted to

I,,, and so we need only understand representations of I;:

Proposition 3.7.5. Let k' be some field of characteristic p > 0 and let V be a finite di-
mensional vector space over k'. Suppose that p : Gx — GL(V') is a continuous, semisimple

representation (with the respect to the profinite topology). Then:

p(lp) = {1d}.
Proof. See [Ser72, Prop. 5]. O

Structure of the tame inertia group

Let K O K* O K™ D K be as before. As with the maximal unramified extension, we
can explicitly construct the maximal tamely ramified extension. Let d > 0 be an integer
coprime to p and let uy € K™ denote the d-th roots of unity. These are all of valuation 1

and so specialise injectively into k. Let 7 € K be a uniformiser and consider the extension:
K¢ := K™ (xl/4),

These are tamely ramified extensions of K™ of degree d with Galois group pg. Specifically,
if 0 € Gal(K?/K™) then o(r'/%) = 4(c)7/¢ for a unique root of unity 4(c) € pg. This
defines an isomorphism:

04 : Gal(K?/K™) — pig.

1 h

In fact, it is sufficient to adjoin 7'/¢ only for integers of the form d = ¢ — 1 where ¢ = p

is a p-th power. Specifically, we have:

Iy = Gal(K"/K™) = lim Gal(K9t/K™);
q
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and an isomorphism:

6 :Gal(K'/K"™) — N f1g—y
q

induced by the isomorphisms 6, ; where ¢ = p”, for each h > 0. Let X = Hom([;, k*)
denote the characters of I; (1-dimensional representations). For each d > 0 coprime to p,
viewing g C k, we have defined elements 6; € X. When d = ¢ — 1 where ¢ = p", we may
associate p,1 = Fj where F, C k is the unique subfield of k with ¢ = p" elements. We

refer to any composition of ,_; with an automorphism of F, as a fundamental character.

Remark 3.7.6. In fact, Serre shows that the characters ; generate X [Ser72, Prop. 6].
Consider the group Q/Z under addition. This is a torsion group and so can be decomposed

into its p-primary and coprime-to-p components:

Q/Z=Q,/Z,®(Q/Z)"

where:

(Q/2)") = P /z.

I#p

Each element a € (Q/Z)®) may be expressed as o = a/d where a,d € Z and ged(p, d) = 1.
Serre shows that we have an isomorphism (Q/Z)®) = X by assigning a + (64)®.

3.7.3 Galois representations of the formal group of an elliptic

curve

Let K be a field of characteristic zero, complete with respect to a discrete valuation v of
residue characteristic p > 0. Let E/K be an elliptic curve with good reduction at v. The

rest of this section will be devoted to describing the image of the inertia representations:
ppr i I — Aut(E[p"|(K)) 2 GLy(Z/p"Z)

as subgroups of GLy(Z/p"Z). For our purposes, we will only need to do this in the case
where R is absolutely unramified i.e. p is a uniformiser. Let k be the residue field of K and
let Ey/k be the reduction of E mod v. We say that E has good ordinary reduction if Ej
is ordinary and good supersingular reduction if Ey is supersingular (cf. Def. . In the

ordinary reduction case, the connected-étale sequence of &[p™] is given by:

A

0— & — &Pp™] — Q,/Z, — 0;

whereas in the supersingular reduction case we have & = &[p*] (Thm. [3.3.17). In either
case, we will first have to consider the Galois representations attached to the formal group

of an elliptic curve, where the latter reduction type will be slightly more challenging as the

69



formal group of an elliptic curve with supersingular reduction is of height 2.

Representations of 1-dimensional formal groups

Let (K,v, R, k) be as before and suppose for now that R has absolute ramification index
e = 1. The valuation on K extends uniquely to an algebraic closure K. Denote by R and
k = R/m the corresponding valuation ring and residue field respectively. Recall that a
1-dimensional formal group on R is given by a power series (Def. :

FXLY)=X+Y + ) ey XYY

,5>1

with ¢;; € R. The multiplication-by-p map is then given by:

[p](X) = Z%‘Xi
i>1
for some a; € R. As the leading terms of f are given by X +Y + ..., it is easy to see that

a; = p. Moreover, the height of the formal group (viewed as a connected p-divisible group
(Def. [3.3.1))) is the integer h > 0 such that:

p)(X) = X" + ... (mod 7).

Denote by I' the formal group associated to f and by I'[p] the p-torsion subgroup. Recall
that the set of K-points of I is given by the maximal ideal m (Remark . As K is
algebraically closed, I'[p](R) consists of p* points in m. We will sketch Serre’s proof [Ser72,
1.8, p. 267] of the following:

Proposition 3.7.7. Let K be a characteristic 0 field, complete with respect to a discrete
valuation v. Let (R, m) denote the valuation ring, and assume that the residue field k is of
characteristic p > 0. Let K denote an algebraic closure of K. Extending v uniquely to K,
we obtain a valuation ring (R, m) with residue field k. Suppose that f(X,Y) € R[X,Y]
defines a formal group law of height h. Let V = T[p|(R). We have the following:

i) V has the structure of an F,-vector space of dimension 1 (where ¢ = p");
ii) The wild inertia group I, acts trivially on V' ;

iii) The induced action of Iy on V is F,-linear and given by the fundamental character
Qq—l:

Og—1 : Iy — Aute (V) = F;.

q

Proof. Note that we normalised v : K* — Z so that it is surjective. Thus, v : K* — Q is
also surjective. For a € Q, we denote by m, the set of z € K with v(z) > « and by m}
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the subset with v(z) > . Then the quotient V,, = m,/m7 is a 1-dimensional vector space

over k. Moreover, there is a natural action of Gg on V:

R/m x m,/m} — m,/m’;

(A, z) — Az

This is well defined as, if v(A) > 0 (resp. > 0) and v(z) > « (resp. > «), then v(A\z) > «
(resp. > a). Note that two elements of K that are conjugate under Gk have the same
valuation [Ser13, §2, Cor. 3| so that the action:

p: Gg — Aut(V,)

is well-defined. Moreover, if s € Gx and 0 € G), = Gal(k/k) is its image, then we have

the relation:

s(Az) = s(N)s(x) = a(N)s(z);

for all A € k and = € V,; i.e. the automorphism s : V, — V,, is o-linear. Thus, if we restrict

the representation to I C G, then it is k-linear i.e. is given by:
plr: I — k*.

We note then that (ii) follows as k* has no non-trivial p-torsion and so p|; induces a

1-dimensional representation of the tame inertia group:
0o i I} — k*

and thus is a character of the type considered in Remark [3.7.6] Indeed, Serre shows that

©“a = Xa- Returning to the kernel V' = T'[p](R), suppose that 0 # x € V and consider:

[p](x) = pr + agz® + ... + a2’ + ... =x(p+ ... + axT +...) = 0.

Considering valuations, we have that v(z) = q%. Setting o = v(x) and noting that

1
f(X,Y) =X +Y (mod m}) we have an injective homomorphism of abelian groups:
V g 6104 —>ﬁla/lﬁ;t = Va.

Moreover, this homomorphism is G k-equivariant. Finally, as I, acts trivially on V' we can

consider the induced action of I; and we have:
s(x) =04-1(s)x forall sel,xzeV.

More specifically, the image of I, — Autj(V') is given by the homotheties x — Az for each
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A € F; and is surjective onto Fy. O]

3.7.4 Inertia representations of elliptic curves with supersingular

reduction

As before, let K be a characteristic 0 field complete with respect to a discrete valuation
v of absolute ramification index e = 1. Let R be the valuation ring with maximal ideal
m and residue field &k of characteristic p > 0. Suppose that F/K is an elliptic curve with
good supersingular reduction. Then there exists a model &/R such that &x = E and
&, = Ey/k is a supersingular elliptic curve. We then have that & = &[p>]. Consider the

inertia representation:
pp: T — Aut(E[p](K)) = Aut(&[p](R)).

By results of the last subsection, one can furnish &[p](R) with the structure of a 1-
dimensional F:-vector space and the image p,(I) is the cyclic group Fr.. One cannot
repeat the same analysis to given the image of p,n(I) when n > 1 but we can still describe
the size of the orbits:

Proposition 3.7.8. Let K be a characteristic 0 field complete with respect to a discrete
valuation v of absolute ramification index e = 1 (cf. , and residue characteristic
p>0. Let E/K be an elliptic curve with good supersingular reduction. Then the image of
the inertia representation:

oy I — Aut(E[p)(K))

is a cyclic subgroup of order ¢ — 1 where ¢ = p*. Suppose that x € E[p"](K) = E’[p”]([_()

is of exact order p". Then v(x) = W and moreover:

1 = [K™(z) : K™ =¢" ="
Proof. Note that F. is a 2-dimensional F,-vector space and so there is an inclusion:
Fo = Aute, (Fp2) — GL2(Z/pZ).

Let x € E[p"|(K)\ E[p"!](K). Denote by K™ (z)/K™ the smallest field extension of K™
over which z is defined. Then, we have that |I-z| = [K™(x) : K™] where [ -z = {s(z) | s €
I} C E[p")(K) is the inertia orbit of z. As the extension K™ (x)/K™ is totally ramified,
the degree of the extension is given by the reciprocal of the valuation v(z). To see that
v(x) = ﬁ, one looks at the formal multiplication map [p](X) again and applies an

q
induction argument. Suppose that y = [p]|(z) and v(y) = ﬁ. Then:

qn—l_
Y = pr + asx® + ... + agx? + ...
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and so v(y) = v(z?) = qu(x) and we're done. O

3.7.5 Inertia representations of elliptic curves with good ordi-

nary reduction
Let (R, m, K, k,m) be as in the previous subsection (in particular, we still assume e = 1).
Let E/K be an elliptic curve with good ordinary reduction. Let &/R be a model of £

and Fy = &/R. Then, Ej is an ordinary elliptic curve, and & is uniquely determined as

a lifting of Ey by its p-divisible group &[p*°] (cf. Thm. [3.6.2). Recall that the p-divisible
group of Ej is given by the product (Prop. [3.6.5)):

Eolp™] = EO X (Qp/Zp).
Then, as these components both lift uniquely to R, &[p™] is determined as an extension:
1= & = &)p™] = Qy/Z, — 0.

On the other hand, the formal moduli space of liftings of Ej is pro-represented by Gm R
(Thm. [3.6.3]) and so this extension is parametrised by a unique element:

~

AE Gm,R(R) =1+m

the Serre-Tate coordinate of &. In [Kr97, App.], Kraus determines this extension in the
following precise sense. For any finite extension L/K, we uniquely extend the valuation v
on K to L. Let (Rp,my, k) denote the corresponding discrete valuation ring. We then
obtain the following diagram by taking Ry-points:

0—>1+mLRLL><§[ *l(Ry) — Q,/Z, —— 0

'\T

where jg, is inclusion and v, : Q, — & [p™](Ry) is the unique homomorphism of p-divisible
groups allowing the diagram to commute [Kr97, App. Lemme 1]. Then A € 1 + my Ry is
the unique element satisfying jz (A1) = ¢1(1) (independently of L). Moreover, we have a
surjective morphism of Gal(L/K)-modules:

fo:(1+mpRy) x Q, = &[p™|(RL)
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with kernel (A, 1) generated by elements (A*,z) for + € Z,. Then, the torsion subgroup

E[p"](K) is isomorphic to:
(e )][o=es <o}

where for (a,z) € (1+myR;) x Q, we denote by [(a,2)] = (a,7) (mod (), 1)) and A/?"
(resp. (pn) is a p"-th root of A (resp. of unity) in K. In particular, we can see that the
field of definition of the p™-torsion is L = K(E[p"]) = K((pm, \V/P") and E[p"](L) fits in

the short exact sequence:

0— ppn(L) = E[p"|(L) — Z/p"Z — 0.

Picking a generator of j,»(L) and Z/p"Z, we can then think of the representation of I in
terms of matrices:

p T = GLy(Z/p"2Z)

where for o € I:

_ | xer(0) (o)
pp”(0>—[ 0 1 ]

where x,n 1 I — (Z/p"Z)* is the cyclotomic character (or equivalently the fundamental
character 0,n_; (Remark[3.7.6)) and ¢n : I — (Z/p"Z) is given by the formula:

GATINP = (AP,

Remark 3.7.9. By Theorem [3.2.28] as we work over an absolutely unramified discrete

valuation ring R, the extensions:
0— pipng = EP"| —Z/p"Z—0

are determined by knowing the Galois representation above. For example, we can write

the p-torsion group scheme of & in terms of \:

Elpl = Spec( RIXG) M)

Xe-n " L =)
Note that if A\'/? € R or equivalently if v(A — 1) > 1, then &[p] = pyn.r x Z/p"Z.

Let N =v(A—1). As e = 1 we may take p to be a uniformiser of R. Thus A\'/?" € K
if and only if A € (1+pR)?" = 1+p"** R and N is the unique integer such that AP e |
but A/PY ¢ K. By the description of the inertia action, whenever n < N we have that:

Ep"|(K) = ppr x(K) x Z/p"Z
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splits as an inertia representation and the extension K((pm, \V/P") = K((n)/K is degree
p" —p"~ L. When n > N the extension K ((pn, \Y/P")/K is of degree (p" — p"~1)p"~V*1 and
the extension of inertia representations is no longer split. We explicitly write down the
images of inertia in the next proposition. Note that, when A = 1, by convention we take

v(0) = oo, in which case the extension is split for all orders p", and E is the canonical
lifting of its special fibre in the sense of Serre-Tate (cf. Thm. [3.6.3)).

Proposition 3.7.10. Let K be a characteristic 0 field complete with respect to a discrete
valuation v of absolute ramification index e = 1, and residue characteristic p > 0. Write
R for the valuation Ting and m for the maximal ideal. Let E/K be an elliptic curve with
good ordinary reduction and Serre-Tate coordinate A € 1 +wm. Write N = v(A —1). Then

the image of the inertia representation:
ppr + I — GLo(Z/p"Z)
15 given by the subgroup:

s

where by convention, if A =1 and N = oo then we take pN=Y(Z/p"Z) = 0.

a€(Z/p"Z)"be le(Z/p”Z)}

Using this description it is easy to understand how the inertia orbits grow:

Corollary 3.7.11. Let E/K be an elliptic curve with good ordinary reduction and Serre-

Tate coordinate A\ € 1 +m. Write N = v(A — 1) > 0 and suppose that x € E[p"](K)
is a point of exvact order n. If n < N then E[p"|(K) = pn(K) x Z/p"Z splits as an
I-representation and:

ifveZ/p"Z
|I-z| = )

-Pp

V2

P otherwise

Whereas, if n > N then E[p"|(K) is no longer split and we have:
’I . x’ > pn—N—&-l‘

When E is a canonical lifting i.e. A = 1 then we interpret the above with N = oo.
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Chapter 4

Raynaud’s proof of the

Manin-Mumford conjecture

4.1 Raynaud’s proof of the Manin-Mumford conjec-

ture

We will now describe Raynaud’s proof of the Manin-Mumford conjecture in [Ray83-1]. We
do this in part to see what bounds one can obtain for the conjecture of Bogomolov-Fu-
Tschinkel in certain cases, as they rely carefully on several elements of his proof, but also
to elucidate the more technical parts of his proof using examples, and with the hindsight
of his later paper [Ray83-2] which provides a simpler proof of certain finiteness results in

special cases.

Let 7 : X — A be the closed embedding of a projective, integral curve X of geometric
genus g > 2 in an abelian variety A over the complex numbers. Let A[co] denote the torsion

subgroup of A. The Manin-Mumford conjecture is the following statement:
Theorem I. The set A[oo] N X (C) of torsion points of A lying on X is finite.

This is slightly more general than the classical situation, considered independently
by Manin and Mumford, where X is non-singular and A = Jx is the Jacobian of X. We
sketch Raynaud’s proof now. We first note that it is sufficient to specialise to the case

where 7 : X — A is defined over a number field L:

Lemma 4.1.1. Leti: X — A be defined over C as above. Then there exists some number
field L and an embedding of an integral curve of geometric genus > 2 into an abelian

variety: Z, — o, defined over L such that one obtains an injection:
X(C) N Afoo] — Z4(L) N e, [o0];
under an appropriate specialisation map.
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Proof. Indeed, there exists some field F, finitely generated over Q and contained in C over
which 7 : X < A is defined. Abusing notation, we write ¢ : X — A for the corresponding
morphism of F-schemes. F is the function field of some affine variety S = Spec(FE). There
exists a projective S-scheme .&# — S such that @7 = A (for example, taking a projective
embedding A C P% and setting 7 to be the closure of A in P%). Let 2" denote the
scheme-theoretic closure of X in .o/. By restricting to a non-empty open subscheme U of

S, we may assume that:
i) </ is an abelian U-scheme;

i) 42 is a proper, flat U-curve with geometrically integral fibres, and that 7 is a closed

immersion;

iii) The normalisation X of X isa proper, smooth U-curve with geometric fibres of

genus > 2.

Consider a closed point s of Uy C Sg and let n > 0 be an integer. As Sq is
characteristic 0 and </ is an abelian Sg-scheme, the group scheme o%[n] is finite étale
(Cor. [3.2.22)), and thus the intersection Zq N o/[n] is also finite étale over Ug. Then, the

cardinality of X ()N A[oo] is given by the rank of 2N .a%[n] over Ug. This rank is locally
constant (using the étale assumption), and thus is equal to the rank of (2" N /[n])s. On

the other hand, this is a subset of 25 N @[n]. O

Thus, we see that it is sufficient to replace X with the curve 2 above, for a closed
point s € Sg. Moreover, the above proof constructs a model 2"~ — & of X — A over U;
a non-empty open subset of Spec(&) where L is now a number field. Then, there exists
a finite place v of L, corresponding to a closed point in U lying over a prime p > 0 with

the following properties:

Assumption 4.1.2. Let i : X < A be the embedding of an integral curve in an abelian
variety A defined over a number field L. Let o : X — X denote the normalisation, and let
v be a finite place of L. Assume that:

i) v is unramified over a prime p > 0;
ii) A has good reduction at v;

iii) There is a proper flat model & — Spec(0L,) of X such that the normalisation
X — X is a smooth Oy, ,-curve with integral fibres of genus > 2.

Let R denote the complete discrete valuation ring obtained by completing the max-
imal unramified extension of &, L . Let K be the fraction field and k the residue
field. Then, by construction, k is algebraically closed of characteristic p > 0 and p is a
uniformiser of R (i.e. R is absolutely unramified (cf. [3.1.5))). Abusing notation and letting
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Z — of denote the corresponding morphism of R-schemes and i : X < A the restriction

to K, it is sufficient to show that the following intersection is finite:

X(K) N Aloc].

Let A[oo]® denote the subgroup of torsion points of order a power of p, and let AJoo]®")
denote the subgroup of points of order coprime-to-p. Then, there is a direct sum decom-
position:

Aloo] = Afoo]® @ Afoo]®).

By the Néron-Ogg-Shafarevich criterion (Thm. , the inertia group Iy acts trivially
on Afoo]®). However, as K is maximally unramified, the absolute Galois group Gx =
Gal(K /K) coincides with Iy and thus Afoo]®) is K-rational. On the other hand,
as A[oco]®) is a torsion group, with all elements of order coprime-to-p, the multiplication-

by-p map acts bijectively (for group-theoretic reasons), and so we have an inclusion:
Aloo]®) N X(K) C pA(K) N X(K) = pA(K) N X(K).

As o/ /R is proper, we have that pA(K) N X(K) = po/(R) N 2 (R). As A has good
reduction at v, the torsion points of o7 of order coprime-to-p specialise injectively into the
special fibre o7, (using Ex. (ii) for example). Overall, to show that the intersection
X (K) N AJoo]®) is finite, it suffices to prove the following:

Theorem II. The image of the following intersection:
2 (R)Npd (R) — o (k),

is finite under reduction modulo p.

4.1.1 Normal bundles

We will give the following definitions now in view of our discussion on the normal bundle

later:

Definition 4.1.3. Let ¢ : X — Y be a closed immersion of codimension r. We say that ¢
is a reqular embedding if the ideal sheaf .# of X in Y is globally generated by r sections.
We say that ¢ is a local complete intersection (lci) if it factorises into 7 : X Ly By
where i’ is a regular embedding and p is smooth. Write .#x/y for the ideal sheaf and
Cx)y = JX/Y/J)Z(/Y for the conormal sheaf. Note that, when ¢ : X — Y is lci, the

conormal sheaf, and dually the normal sheaf A,y = €Y Jy are locally free of rank r.

Suppose that X LY L 7 are regular (resp. lci) embeddings. Note that the

composition j o i is regular (resp. lci), and the corresponding exact sequence of ideal
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sheaves:

7 IPyig — 7 Ixiz — Ixy — 0;

(resp. conormal sheaves:
"Gy — Cxjz — Cx;vy — 0;
) is left exact [Ful-Lang13, Prop. 3.4].

Relative Proj and Relative Spec

Definition 4.1.4. Let S be a scheme and 7 a quasi-coherent sheaf of &g-algebras.

i) There exists an affine morphism 7 : Specs(%ﬂ ) — S with the property that, for
every affine open U = Spec(A) C S we have that 7=}(U) = Spec(5#(U)). We call

Spec,(—) the relative spectrum functor.

ii) Similarly, if 77 = @,.,#a is a quasi-coherent sheaf of graded Os-algebras then
there exists a projective morphism 7 : Proj S(%” ) — S such that, for every affine
open U = Spec(A) C S we have that 7= (U) = Proj(s#(U)). We call this the

relative Proj construction.

Example 4.1.5. For & a quasi-coherent sheaf of 0s-modules, the sheaf J# = Sym(&)
is naturally a sheaf of graded Os-algebras under the symmetric product. For example, if
& =~ 02" then Sym(&) =~ O[Ty, T, .. T,] with deg(T}) = 1. Let P(&) (resp. V(&))
denote Proj () — S (resp. Spec () — S). Note that by convention, the sheaf
of sections of the morphism V(&) — S is given by the dual &Y. We note the following

properties:
i) Both V and P are contravariant functors.
ii) If £ is an invertible sheaf on S, then P(.¥) = S.

iii) Moreover, if & is a quasi-coherent s-module then:

P(& ®p, L) = P(E).

Given a a quasi-coherent sheaf of 0g-modules &, there is a natural ‘compactification’
of V(&) given by P(&@® 0s); the projective cone of V(&) [Ful-Lang13| p. 68]. Indeed, we have
that Sym(& @ Og) = Sym(&)[T] as a sheaf of graded Og-algebras by setting deg(T") = 1.
The projection & @ Os — & corresponds to a closed immersion P(&) < P(& @ Og) which
one can think of as the hyperplane at infinity corresponding to 7" = 0. Conversely, the
locus T' # 0 corresponds to an open immersion V(&) < P(& @ Og). The projective cone
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comes naturally equipped with a zero section S — V(&) — P(& @ Og) induced by the
second projection & @ Og — Os. Overall, we have a decomposition into open and closed

subschemes:
P(& @ Os) = V(&) UP(&).

Lemma 4.1.6. Let & be a quasi-coherent sheaf of Os-modules. Consider the functor:

F : (Sch/S)°® — Set;
(f: T — S) v+ Homg, (f*&, Or)

Then F is represented by V(&).
Proof. See [stacks-project, Definition 27.4.5]. O

Let R be a discrete valuation ring with maximal ideal m, 7m a uniformiser, and
residue field k. For each n > 0 write R, := R/m"™!. If . is an R-scheme, we will denote
by .7, the restriction to R, and .7 the special fibre over k. Similarly, for a morphism
of R-schemes f : . — .’ we use the notations f, : .7, — .7, and f, : S — ] for
the corresponding restrictions. Recall that an Rj-scheme f; : .7 — Spec(R;) is flat if
and only if the natural map 0y, — 104, is an isomorphism (Cor. . Let <7 be an
Ri-scheme and suppose that ig : Zy — % is a closed embedding. We will construct an

affine morphism hq : Vo — 2, with the following lifting property:

Proposition 4.1.7. There exists an affine morphism hg : Vo — Zo such that, for every
morphism of flat Ri-schemes f1 : % — o where the restriction fo : Sy — 9 factorises
as:

yo fo )%
2o

There exists a unique morphism fi : %y — Vo such that the following diagram commutes:

Vo

5% 0 — 3!/1/(‘)
Before constructing Vy, we immediately note the following properties:

i) There is a one-to-one correspondence between flat liftings iy : 27 < @4 of iy and

sections of hg : Vo — 2.
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ii) Denote by (71, Zo)(R1) C 7 (R;) the subset of R;-points of 7 that reduce mod m

to k-points of 2. Then there exists a commutative diagram:

(A, Zo)(B1) —— Vo(k)

\ lho

Zo(k)

Proof of Prop.[4.1.7. For ease of exposition, we will assume first that there exists a mor-
phism of flat R;-schemes 71 : 27 — o7 lifting i, and that ig is lci. Let %, denote the ideal
sheaf of ig : Zy — o which lifts to the ideal sheaf .# of 27 — o7;. We denote by .7/ the
ideal sheaf of 2y < @ < o/;. Then there exists an exact sequence of ideal sheaves:

Oy — I — Iy — 0;
and an exact sequence of conormal sheaves:
0 — Ony — Coyorr — Capjony — 0. (%)

Note that we assumed iy : 25 — &% to be a local complete intersection so this sequence
is left exact. The flat lifting i1 : 27 — @ of iy corresponds to a splitting of this exact

sequence so we obtain a (non-canonical) decomposition:

Cory)or = Caiy )ty © Oy

Indeed, if we let . denote the ideal sheaf of 71, then there is another exact sequence of

conormal sheaves corresponding to Zy — 21 —

0— nggl/ﬂl Xo —7 nggo/g{l - ﬁggb — 0.
The morphism of sheaves r provides a retraction of the short exact sequence (*). Using the
projective cone construction, we then obtain a decomposition of the associated projective

bundle:
P(%%O/WJ = P(%ﬁv"o/@fo) U V((ge%/ﬂfo)'

We denote by hg : Vo — %25 the affine bundle corresponding to the image of the open
immersion:

VO = Im(v(%ﬁ’o/do) — P((gflfo/ﬂl))'

Recall that the sections of V(€;/4,) — Zo are in bijection with the global sections
of the normal bundle .4%;,,. Informally, one should think of V, as the affine bundle
corresponding to normal vectors of 2y < @7 that do not lie in the special fibre 2. Recall
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that V(.#) — o7 represents the following functor:

F : (Sch/g#))? — Set;
(f : T — o) — Homg, (f*(A), Or).

Consider the subfunctor F'(T) = {u € F(T) | u(m) = 1} where, abusing notation, 7
denotes the section of f*(.#]) corresponding to the chosen uniformiser 7 of R. Raynaud
shows that this functor is representable by an @7 -scheme Vy C V(.#]). Note that if u :
f*(#]) — Or is a point of F'(T) then 0 = u(r?) = 7 - u(x) = 7 - 1 and thus 7 - Or = 0.

Moreover, & - Op = u(n.9]) = 7 - u(#) = 0 so, in fact, the morphism u factors as:
w: f(I) — f(I)(H)?) — O

ie. Vo CV(H/(H)?) =V(Cay ) and Vy is an Zy-scheme. From this description, one can
see that the schemes V) and V; coincide. Indeed, given a splitting €2; /04 = €2,/ © O2;»

we see that:
V(%%o/&ﬁ ) g SpeCL%,O (Sym(%%O/MO) [t] )’

where the parameter ¢ corresponds to the generator @ € €,/ . The sublocus V, C
V(G2 ) is given by setting the coordinate t = 1. On the other hand, there is a rational
map V(€2 /) =+ P(€ 2,/ ) defined away from the zero section (this is analagous to the
quotient map A" --» P™). Again, identifying:

P(%ﬂ”o/ﬂﬁ) = Pl"Oj 2 (Sym(gf{o/&fo) [T]),

we see that the sublocus Vo C P(€2; /. ) is given by setting the (homogeneous) coordinate
T # 0. So we see that, as Vj and V, are defined away from the zero section, they become
identified under this rational map. The upshot of this approach is that the lifting property
of Vp is now clear. Let f; : .% — 4 be a morphism of flat R;-schemes and suppose that the
restriction to k factorises as fo : S — 2y — 4. Then, we have that S - Oy =70,
By flatness, we may associate m - 0y = O, sending 7 to 1. Overall, this gives us a

morphism of &y -modules:
fo(A) = A Og =7 Og, = O;

sending 7 — 1, and thus we obtain a morphism f] : .7 — V; as required. n

Note that the above construction shows that hy : Vo — %o is a torsor (cf. Def.
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3.5.10) under V(€4; /). Indeed, there is an additive action:

which may be seen from the functor of points perspective. Recall that Vo — 2 represents
the functor F” from the Proposition. Similarly, V(€s;/4,) represents the functor Fy(7) =
Home, (9" (€ 2y /0), Or) where g : T'— Zj is a morphism of schemes. If f: T — 44, then

one obtains the exact sequence:
* * 6 *
[ (Oo) — [ (Coiyon) — [ (Caifn) — 0

noting that the pushforward is right exact. If u, v’ € F'(T), then v’ —u : f*(€2,)) = Or
sends 7 to 0 and thus corresponds to a unique morphism of &r-modules v : f*(€2; /) —

Or such that v — u = v o §. This defines an additive group action:
Fo(T) x F'(T) — F'(T)

sending (v,u) — w4 v o @ that is natural in 7. The action is free and transitive by the

uniqueness of v; and thus defines a torsor.

Remark 4.1.8. Recall that, given a scheme X and quasi-coherent ideal sheaf & C Oy, one

defines the blow-up of X with centre . via the relative Proj construction:
m:Bly(X) =P(S) =Proj (Ox® I @57 ®..) — X.

Then, if Y C X is the corresponding closed subscheme, the exceptional divisor 7=1(Y)
corresponds naturally to P(.#/.#%) = P(€x,y).

This gives a more geometric description of the scheme Vj in the case where we have
a lift of &/ — Spec(R) of 2. Let %, denote the ideal sheaf of 2y in <% as before, but
now let .#’ denote the ideal sheaf of 2y in «7. Write ¥ C Bly, («/) = P(¥') — & for the
open subscheme of the blow-up of &7 at 2y where the homogeneous coordinate in P(.#")
corresponding to the generator m € .#’ becomes invertible. Then, associating P(€2;/.)
with the exceptional divisor, we obtain an Zy-scheme ¥ = % N P(€4,/) = Zo. One
may check that this coincides with the affine morphism Vo, — 2.

Example 4.1.9. The blow-up construction in the previous Remark allows one to write
down the affine bundle V, explicitly in certain cases. For example, if &/ = A% with

coordinates x and y, and 2 is given by an irreducible polynomial f € R[z,y|, then the
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ideal defining 2y in & is given by I = (m, f). Thus we have:

Bly, («/) = Proj (R[x’ vl [TO’TI]) .

<fT0 - 7TT1>

The open set where the generator Ty corresponding to 7 is invertible is given by ¥ =

Spec (%) We then see that the special fibre is #; = Spec (%) ~ 2o x AL
Unsurprisingly, the affine bundle Vj is trivial as 2y is an affine, lci curve in AZ. Suppose
that (CLl, bl) S (A%ﬁ’ %)(Rl) Then fo(ao, bo) =0 and so fl(al, bl) = e for some e € Rl.

Thus, the map 7 can be written explicitly as:

™5 (Ahy. 20)(Re) — Zo(k) x A'(k);

(a1,b1) — ((ao, bo), €o)

where we identify we; — ey under the isomorphism 7R, — k of R;-modules.

4.1.2 Lifting morphisms with zero k-differential

Keeping the notation of the previous section, we now assume that p is a generator of the
maximal ideal of Ry, and that k is algebraically closed of characteristic p for some prime
p > 0. Suppose that u; : % — o4 is a morphism of smooth (in particular, flat) R;-
schemes. Suppose further that the restriction ug : By — @ has zero k-differential. Let
19 Zo — o be a closed immersion. As the differential of ug is zero, the scheme-theoretic
preimage ug ' (2p) is automatically non-reduced. Let jo : % = uy ' (25)™? — %, denote
the same closed subspace with the reduced induced subscheme structure. Let hg : Vo — 29
denote the affine morphism from the previous section. We will show that it enjoys another

lifting property:

Proposition 4.1.10. Let uy : By — 1, ig : Zo — y and jo : % — By be as above.
Write vy : % — Ao for the restriction of ug to %,. Then, there exists a unique morphism

vy % — Vo such that the following diagram commutes:

On points, the existence of such a lifting is not hard to see. Firstly, we note that
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there is a unique map 6 : Hy(k) — 4 (R;) such that the following diagram commutes:

B (R)) —2 o (Ry)

l /9/ i
Bo(k) —— (k)

where the vertical maps are given by specialisation. Indeed, by the infinitesimal lifting
criterion (Prop. [3.5.7), if og € %y(k) then there exists a (non-unique) choice of lifting o €
H1(Ry). We define 0 by setting 6(og) = ui(oq). If this is well-defined, then commutativity
of the above diagram is clear. Suppose o] € Z(R;) also lifts 0o. Then, by flatness of %4,
we have that o; — o} = ps; for some section s; € HB(R;). Recall that, we may naturally
associate T,, %Ay = ker(%1(Ry) — HBy(k)). Thus, as the differential of g is zero, we have
that u;(ps1) = 0 and 6 is well defined. Reprising the notation (&4, Zp)(R1) C < (R;) to
denote points in 7 that specialise to points of 2y, and defining (%, %) (R1) C %1(R1)

similarly, we obtain a commutative diagram:

where we define v, = 706 using the unique map 7 from property (ii) of Prop. . It will
require slightly more work to show that v is induced by a morphism of schemes. First, we

will require the following fact:

Lemma 4.1.11. Let k be a perfect field of characteristic p > 0. Suppose that ¢ : N — M
1s a homomorphism of finitely generated k-algebras such that the induced morphism of
modules of Kdhler differentials:

Qv O M — Quip
is zero. Then, for any a € N, p(a) is a p-th power in M.
Proof. Consider the commutative diagram:

Qe O M — Qarsi

| |

N —% s M

where the vertical maps are the respective universal derivations. By commutativity, ¢(a) €

ker(d); the kernel of the universal derivation d : M — /. We then conclude by noting
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ker(d) = MP [stacks-project, Lemma 10.158.2]. O

Suppose that ¢ : M; — N; is a morphism of finitely generated, flat R;-algebras
such that ¢o : My = My ®p, k — Ny ®g, k = Ny has zero k-differential. Let a; € M,
and ag € M, its reduction mod p. Then ¢g(ag) = af is a p-th power for some element
ag € Ny. Picking some lifting oy € Ny of ag, we define the Teichmaller lift of ag to be
7(ag) = of. This is well defined as if o} is another lift of ag, then by flatness we have that
o) = ag + pP for some B; € Ny and (o))? = of. The Teichmiiller lift fits in the following
diagram:
N, 2 My
A
l 7 l

NOTMO

It satisfies the following properties:
1) T(agbo) = T(ao)T(bo);
ii) 7(ag+ bo) = 7(ag) + 7(bo) + pS(ao, fo);

where ag,by € My, @olag) = af, wolbo) = B, and S € Z[U,V] is the homogeneous

polynomial given by:
(U+Vy—-ur—-ve

p

Proof. Note that, on local sections, we have a Teichmiiller lifting:

S(U,V) =

#
»Qfl —> ﬁ%’l

L7
ﬁ%u—o#>ﬁ;50

Specifically, for a local section a; € 0, with image ay € 0, we have that u# (ag) = of
as up has zero differential. Then, by smoothness of %, there exists a lift a; € Oy, of
g € Og,. The Teichmiiller lift is then given by ] € Ox,. By flatness of %, we can
compare the Teichmiiller lift with the image u! (a;) to obtain the p-derivation (associated

to up) on local sections:

#
(G
0= lp 1Oy — POz, = O,
Concretely, if a;,b, € 0., are local sections such that uf (ag) = of and ] (by) = B for

some local sections ag, By € Oy, then there are unique sections d(ay),d(by) € Oy, such
that:

uf(al) = 7(ag) + pd(a;) and ufé(bl) = 7(bo) + pd(b1);
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where we write pd(ay), pd(by) for the sections of pOy, = Oz, corresponding to d(ay),(by)
respectively. We note the following properties of o:

6(ar +b1) = d(ar) + 0(b1) + S, Bo);
0(a1by) = 6(ar)ug (bo) + uf (ao)d(b);
o(p) = 1.

Note that the second condition is a Leibniz rule, twisted by ug, hence the name p-derivation.
In fact, one can deduce the third condition from the first two and the fact that 6(1) = 0.
Let ., denote the sheaf of ideals of 2y in &% and _#, denote the sheaf of ideals of %
in %y. Again, we use the notation .#/ to define the ideal sheaf of Zj in 7. Using the
p-derivation, we can construct a morphism of &y -modules v : uj(.#]) — Oy, such that

v(p) = 1, and thus obtain a morphism v}, : %, — V, by the lifting property of Vj. Let:

viui () — Oy;
ui(ar) — d(ay) (mod Zy).

To see this is well-defined, note that if a; € .#/ is a local section, then uf (ag) = of, € Ho.
Since % is reduced, we have that ay € _#, and therefore u# (ap) € #3. Using this fact,
and the conditions of §, one sees that v is Oy -linear, and that v(p) = 1. We conclude
by showing that vj : %y — V coincides with the map we constructed earlier on k-points.
Indeed, the above process is functorial with respect to morphisms of R;-schemes whose

restriction to k has zero differential, so if we have a section o7 : Spec(R;) — % fitting

» /lho
l l l

Spec(R;) s B s oy

ul

into the following diagram:

o1

then there exists a section o, : Spec(k) — V, allowing the diagram to commute. Thus,

T(uy00y) =vj00. O

Remark 4.1.12. Note that, if My, N; are flat R;-algebras and ug : My — Ny is a k-algebra
morphism with zero differential, then one may define a p-derivation 0 : M; — Ny using
the conditions from the above proof. Then, a lifting u; : M7 — Ny of ug is equivalent to
specifying a p-derivation:

Uy =7+ po
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by noting that the Teichmiiller lifting 7 depends only on ug. In fact, we have formalised this
result already in Theorem (ii). If fo : Xo — Yp is a finite flat morphism of projective
k-schemes with respective liftings X; and Y; to Ry, then the space of liftings of fy to Ry is a
torsor under H®(Xo, om(f;(Qyy k), Ox,)). Recalling that Dery(Oy,) = Hom(Qy, k, Oy,)

we see that these global sections can be thought of as twisted derivations.

Example 4.1.13. Returning to Example we reprise the notation 2° = {f = 0} C A%
for some irreducible polynomial f € R|x,y]. Suppose further that 2" is a smooth R-curve,
and consider the morphism u : A% — A% given by u(z,y) = (22, y”). Then ug : A7 — A?
has zero k-differential. The preimage uy*(20) = {fo(2?,y?) = 0} is non-reduced in general

fo(z0,y0) = (g0(z,9))"

for some polynomial gy € k[z,y|, in characteristic p > 0. We repeat this factorisation
process until go ¢ klz,y]P so that %) = {go = 0} is the reduced preimage. Pick some
arbitrary smooth lifting %7 = {g1 = 0} where ¢g; € Ry[z,y]. Then, as Ry[x,y| is a flat

Ri-module, we have that:
ui(fi) — g1 = f1(a",4") — g = p - Bi(z,y)

for some polynomial 3; € Ry[x,y]. Note that, the polynomial p- 51 € pRy[z,y] = k[x,y] is
independent of the lifting g;. Overall, one can check that Raynaud’s lifting construction

defines a unique morphism of k-schemes:

Ué:%—>VO§%XA}C;

(co, do) — ((cg, d5), Bo(co, do))
that, on points, is given by the composition:
(k) — (G, Z0)(R1) — Vo(k).

Indeed, as %4 is smooth, there exists (¢1,d;) € #(Ry) lifting (co, do) € % (k). Then the

above composition is given by:
(co,do) — (c1, dy) — ((cg, dg), €o)

where fi(c],d}) = pe; for some unique element pe; € p- R;. By construction, we have
that:

fild], &) = fi(c], dY) — gi(cr, dv)P = p - ha(er, dy);

so these maps coincide.
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4.1.3 Proof of Theorem II

Let us return to the situation where R is an absolutely unramified (e = 1) complete discrete
valuation ring with fraction field K of characteristic 0 and algebraically closed residue field
k of characteristic p > 0. Suppose that i : 2 < & is the closed immersion of a flat
R-curve in an abelian R-scheme such that the fibres of 2™ are integral curves of geometric

genus > 2. We need to show that the image of:
2 (R) N ped (R) — Zo(k)

is finite under specialisation. Reprising the notation of the previous subsections, it is

enough to show that:

Proposition 4.1.14. The image of:
21(By) N pah (By) — Zo(k)

1s finite under reduction mod p.

Remark 4.1.15. Using [Mess06, 7, Ch. III], as we assume the absolute ramification index
is 1, the kernel of specialisation map 7 (R) — 7 (R;) is contained in p&Z(R) and so it is

in fact equivalent to working modulo p?.

The closed immersion i; : 27 — & corresponds to a section of the affine bundle
ho : Vo = %5 and a non-canonical isomorphism Vo = V(€;/,). Write 27 C Vj for the
isomorphic copy of 2 corresponding to the zero section of the normal bundle. Recall that

we have a factorisation:

(4, Zo)(B1) —— Vo(k)

\ lh‘)

Zo(k)

Note that 7(21(R1)) C Z{ (k) by construction. On the other hand, by the results of the
previous section, if we let [p]., : 9 — <4 denote the multiplication-by-p map on 7, and
set jo : % — o to be the reduced preimage of 2 under [p]y,, then we obtain a lifting:

where vy : %) — 2y is the restriction of the multiplication-by-p map to %,. Write &% C V,
for the scheme theoretic image of vj. Then we see that 7(21(R1) N peti(Ry)) = 2y (k)N
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% (k) and so, identifying 2y with 2y under hy, we obtain the following Corollary of
Proposition

Corollary 4.1.16. Suppose that <% is an abelian surface. Then the cardinality of the
image of:

Zi(B) Npei(Ry) — Zo(k)

18 finite under reduction mod p, and is bounded by:
| 24 (k) N (k)| < (Zo - Zo) deg(hy)

where hy : Y — FZy is the restriction of hy to %, and %y - Zo is the self intersection of
Zo in .

Remark 4.1.17. In fact, if the desired image is finite, then the intersection 27 (R;)pe# (Ry)
is finite. This follows as the kernel of the specialisation map pe#i(Ry) — (k) is finite

(cf. the ‘lifting” homomorphism of Prop. [3.6.5)).
More generally, let @0’ — %/ denote the normalisation of % C Vo, and hj, : @0’ —
h/
% — 2. By associating Vo = V(%€2,/), the inclusion % < V, corresponds to a
morphism of Og-modules (hg)*(€a; /) — Ony that is zero precisely over the intersection

21N %. Let M, denote the quotient of the pullback sheaf (h))* (€2, /) by its torsion

subsheaf. Then we obtain a non-zero morphism of locally free sheaves on %

€: My — O,
0

Dually, we have an injective morphism of locally free sheaves €" : ﬁ@;’ — My with image
ﬁ@g(D) corresponding to some divisor D on % of positive degree, supported on the
preimage of 2y (k) N % (k) in % .

Remark 4.1.18. Overall, we obtain a bound:

[T (271 (Ry) N A (Ry) — Zo(K))| < po

where:

po = sup deg(Z)
Ly

and we take the maximum degree of invertible sheaves . C .. This coincides with the
intersection number 2y - % = deg(.#,’) when 2 is an abelian surface.
Finiteness in the smooth ordinary case

We first show the desired finiteness result in the idealised situation when 2 is a smooth R-

curve and & has good ordinary reduction using the subsequent paper of Raynaud |[Ray83-
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2]. Recall that the connected-étale sequence of <7[p] is given by:
0 — [p]” — [p] — Apla — 0

where rank(«7[p|°) = rank(</[pls;) = p? and g = dim(e%). Let B = o/ /<7 [p]° and denote
by:
Plo: oS B o

the factorisation of the multiplication-by-p map where « is the quotient morphism and
is the dual isogeny. Note that 3 is étale by construction. Denote by 2 = 371(2") C £
the smooth R-curve which is an étale cover of 2" under 3. Reducing modulo p? we obtain

the factorisation:
Dl 25 By 2 o,

and specialising to k£ we obtain the factorisation:
[Plag = 0 2> By 2> o,

As we have constrained that o7 is an ordinary k-abelian variety, we see that %, = ;zfo(p ) and
a corresponds to the relative Frobenius under this isomorphism. As before, let % denote
the reduced preimage of 2 under [pl,, (or equivalently, the reduced preimage of 2, under
ap). Let vy : % — Zy denote the restriction of [p|. to %, and let wy : % — 25 denote
the restriction of o to %. By construction, we may associate 2, = %(p ) and wo with the
relative Frobenius on %. Let (%1, Z))(R1) denote the set of points of Z(R;) that specialise
to Z(k), and consider the set of points a1 ((#4, %) (R1)) N Z5(R1) C (%1, Z5)(R1). Then

we have:
Bilaa (2, %) (R1))) = p(h, %) (Ra) N Z21(Ry) = ph(Ry) N Z1(Ry).

Thus, to prove Proposition [4.1.14] it suffices to show the following:

Proposition 4.1.19. The image of:
ar((#, %) (1)) N 2 (Ry) — Zo(k)

under reduction mod p is finite.

Replacing 2 by any irreducible component, we may assume that 2 and % are
irreducible. We proceed by contradiction. Suppose that this image is infinite and choose
an abstract smooth lifting %7 — Spec(R;) of %,. We will use this infinite set of points to
lift the relative Frobenius wq : %5 — %, to a morphism of Ri-curves wy : % — 2. As

Zy — Zo is an étale cover of a non-singular curve of genus g > 2 we obtain the desired
contradiction by Corollary (3.4.10}
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Lemma 4.1.20. Suppose that Prop. is false. Then, there exists a morphism of
Ry-curves wy : %4 — 27 lifting the relative Frobenius wq : % — Z25.

Proof. Let 74 C %, denote an affine open. By the infinitesimal lifting property on <7,
there exists a local lifting f; : 24 — <7 of the composition %, — %, — %. Such a local
lifting is not unique, and may be modified by a derivation (cf. Remark . However,
as «q is the relative Frobenius, it has zero differential and so these local liftings may be

composed with oy : @/ — % to give a well defined R;-morphism ¢, : % — %;:

%/Z\—W%
|

A < > oA a0>=%)0

that lifts the composition % — % <% %,. By construction, g; locally factors through
27, so we have that:
g1(Z(R1)) C an((#, %) (Ra)).

On the other hand, if o1 € (97, %)(R;) for some affine open % C %, then we can
modify the local lifting f; : 24 — 7 by a translation of 27 so that o1 € f1(Z41(R;)); thus
ai(o1) € g1(#1(Ry)) and we have that:

g1 (Z(R1)) = aa (1, %) (Ra)).
Let %) = 21 X4, #; denote the pullback of 27 — %, by g1 : % — %:

w
s 7

|

% o 0
Then %/ C % is a closed subscheme. We assume for contradiction that the image of:
ar((#1, %)(R1)) N Zi(R1) = g1(ZA(R1)) N Z1(Ry)

is infinite in Z((k). Therefore, %] (R;) has infinite image in %;(k). As % is an irreducible
curve, the image is dense, and thus the set %/ (R;) is dense in #;. Thus %] = % and the
morphism w; : % = % — % provides a lift of Frobenius. O
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Finiteness in general

We now provide the proof of Prop. in the general case. Recall that we have a

commutative diagram:

%/

% BT Zo
To prove the proposition, it is sufficient to show that the curves Z, %[ C V, are distinct
integral curves. We show that % is integral using characteristic p > 0 geometry. To show
the curves are distinct, we prove that the morphism v, : % — % is generically étale.

Then, as vy is inseparable, the cover h{ : % — 2, must also be inseparable, and so the

curves 2y, % are distinct (as the morphism hy : Vo — 2 restricts to an isomorphism

~

2y — Z0).

Let ig : &y — o denote the closed immersion of the integral curve 2 into the
k-abelian variety <%. Let ag : 2o — 25 denote the normalisation and write i : 2o —
2o 2 o). Given an embedding of 25 into its Jacobian 2y < J%, there is an Albanese
morphism ag : J s ) fitting into the commutative diagram:

J 7

s
% —
20
(cf. Ex. [3.2.5) (iii)). We make the following assumptions:

Assumption 4.1.21. Let k be an algebraically closed field of characteristic p > 0. Let
19 : 2o — A be the closed immersion of a curve in an abelian variety defined over k.
Write ay : 5/&\"8 — Zo for the normalisation and N for the kernel of the Albanese morphism
ag - J% — oy. We assume that:

i) ag is surjective;
ii) N is smooth over k;

iii) The order of the group of connected components N/N° is coprime to p (where N° is
the connected component of the identity of N ).

Note that, although the assumptions above seem rather technical, they are auto-
matic in the case where 2 is smooth and .24 coincides with the Jacobian. Note that,
when we specialise to the case of Bogomolov-Fu-Tschinkel where .7, is the product of two

elliptic curves (i) follows immediately for dimension reasons, and we will see that taking
p > 2 will be sufficient for (ii) and (iii) (cf. Remark [5.1.7)).
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Lemma 4.1.22. Let uy : By — < be an isogeny of k-abelian varieties such that 4y =
ker(ug) is of p-primary order. Let iy : Zo — 4 denote the closed immersion of an
integral curve of geometric genus > 2 satisfying Assumption above. Let %, denote
the reduced preimage of Zy under ug. Then % is integral.

Proof. Let jo : % < %, denote the corresponding closed immersion and let Sy : % —
%, be the normalisation of %). As % is reduced, it is enough show irreducibility, or

equivalently that @0/ is connected. Consider the diagram:

By Xy o — 2o

I J

%@ X oty J’% — J% :

l lao

'@OU—O>%

Conditions (i) and (iii) imply that the fibre product is connected, thus %y X o J 5 is an
abelian variety (as properness and smoothness are preserved under base change). Thus, to
show that % is connected, we may assume that 2, = % and oy = J 7 and show that
the fibre product %y x o 2 is irreducible. By dividing out by the connected component
of ker(ug), we may assume that ug is a separable isogeny (as the reduced preimage of an
integral subvariety under a purely inseparable cover will still be irreducible). Then, we
conclude by noting that abelian étale covers (and in particular, separable isogenies) of the
Jacobian J 7, are in direct correspondence with connected étale covers of 3;’,;5 via the fibre

product [Mil86], Prop. 9.1]. ]

Lemma 4.1.23. Suppose that uy : By — 4 is a purely inseparable isogeny. Then vq :
% — Zo has degree p” for some r > 0. Suppose that Assumption holds. Then there

exists a factorisation of the iterated relative Frobenius:
FO ™)y 3y 1 o,

Proof. Firstly, we note that the morphism vg : %, — 2, is purely inseparable, so that the
induced map vy : % — Zp coincides with the iteration of the relative Frobenius of the
same degree (cf. Prop. ) and so we may associate % = ,%”O(p ") and T = F®). We

summarise this in the following diagram:

3?3(1’ ") s A,

F(T)l l’vo

2y —— 2
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where the horizontal arrows are normalisations. Note additionally that J o = J%ﬁr).
0 0

We then obtain the following diagram:

(=m)

) 0 N (p
> o
deo
N
() B, P
N

J&:f >4270

—r a

(» )

Zo

where b is the Albanese morphism associated to Jo : ﬂfi\”gp = % — HBy. By assumption,
ker(a$™™) = N is smooth, so that its image bo(N ")) C ker(u) is smooth also. However,
as ug is purely inseparable, or equivalently as ker(ug) is connected, this image is zero and
")

so there exists a homomorphism of abelian varieties c : szfo(p ) — %, allowing the diagram

to commute; providing the desired factorisation. O

Suppose now we take ug to be the multiplication-by-p map [pl, : % — . We
show that v} : %) — % is generically étale.

Proposition 4.1.24. Let [p|y, 1 S — 4 denote the multiplication-by-p map on <. Let
19 : Lo — 9y be an integral curve of geometric genus > 2, and % the reduced preimage
of Zy under [pla,. Then the morphism vy : % — % defined in Proposition |4.1.1( is

generically étale.

Consider the differential (v{))*(Ql%, ) = Q3 s~ We will show that this morphism
vanishes on a finite set. By the construction of Vy, we have an isomorphism V, =
V(€ /) 2o, 25. By the definition of the conormal sheaf, we have the exact sequence:

hi (% k) — Oy — ho(Cayfen) — 0

Cay) ety

Considering the factorisation vy = hj, o v;. Pulling back along v{,, we obtain the diagram:

,US (le%o/k)

N
Q\l/o/k) - Q;»’/o/k

~

—
<
o~
~—
*
—~

¥ ED)
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As the differential of vf, is 0, we obtain a morphism of sheaves A : v§(€z; /) — Uy, s 18
is sufficient to show that A is zero at only finitely many points of %;. We now compute A
in terms of local sections. Reprising the notation of Prop. [4.1.10] let .%, be the ideal sheaf
of Zy — o and ag a local section. Denote by .#/ the ideal sheaf of 2y < 7 and choose
a local lift a; of ag. Write ay for the image of ag in €, ,.,. By construction, the morphism

vyt %) — Vo = V(€2 is induced by the morphism of sheaves:

Ué(cgfo/ﬁfo) — ﬁ%;

vy (@o) > Olgg(ar).

Then we have that \(v§(ag)) = dd|a (a1) where § : O — O, is the p-derivation con-
structed in the proof. On the other hand, the morphism [p],, : “% — %% has zero
differential, so the image of [p%,Qu/r, — Qesyr, lies in pQuy/r, = Qugk- Specifically,
for the local section a; € & C O, we have ui(a;) = of 4+ pd(ap) for some local section
ay € Oy, and so:

du () = w}(dan) = p(ded™ + do(ar)).

Writing _#, for the ideal sheaf of % in ), we have that oy € _#j, and so p(do/f_l) = 0.

Overall, we have proved the following:

Lemma 4.1.25. Under the isomorphism p§l. /g, = o/ 0ne may associate:

Z7§2=;»/1/1%1 — ng/kQ
[p]is (dar) — A(vg(ao))

for a local section a, € .

Gauss maps

We show that d[p]%

Zo/k is smooth of genus g > 2. Note that Q}Z{O/k >~ 0% is trivial, where d = dim(),

and so we can define an associated projective space P, = P(Q}Z{O /k). After a choice of

is generically non-zero by studying the Gauss map. Suppose first that

basis wy, ...,wq € H° (), Q}Z{O/k), we obtain an isomorphism P, = P¢~! x 7. The closed

immersion iy has an associated conormal exact sequence:
)1 1
Coo)cty — ZOQ,QfO//Ic — Qﬁi”o/k — 0.
. % 1 1 . . .
The morphism of sheaves 52, K Qo Ik induces the corresponding Gauss map:

Yoo+ Zo = P(Ql%/k) — Py
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Informally, given a closed point # € £y, we obtain an associated tangent vector in © 4 i 4,
unique up to scaling. Translating this direction to the identity e € .o we obtain a 1-
dimensional subspace of © 4, . corresponding to a well-defined point of P,,. More gen-
erally, if 2 is singular, then on the smooth locus 2™ C 2, we still obtain a morphism
2™ = Py, Let a: % — 2, be the normalisation of 2Zy. Then as % is non-singular,

this morphism extends uniquely:

2o
&z
A

to the Gauss map of % . Rephrasing this in terms of sheaves, we can pullback the conormal

sequence of 2y in 7 by the normalisation aq to obtain:
* T \xO1 *1
o (Caoron) — (10) Loy — Qs — 0.

Let Q% denote the quotient of a2}, s by its torsion subsheaf, and let (6?;% /a4 denote the

cokernel of the natural morphism (Eo)*ﬂ}% K ;. Then we obtain an exact sequence:
0 — Gy, — (10)" Qe — Qzy — 0

and, associated to the morphism (Eo)*Q}Z{O e Q 2, we have the Gauss map of Z:
Vi Zo 2 P(Qay) — P((i0) Q) = P

Reprising the notation jy : %, < @ for the inclusion of the reduced preimage of 2,
under [p|., and letting By : % — % denote normalisation, we obtain the analogous exact
sequences:

Copats — Jo ety — gy — 0

and:

0 — Copjot, — (Jo) Uy —> Qap — 0
and an associated Gauss map Y - % — Py,

Lemma 4.1.26. Suppose that the inclusion ig : Lo — 9 satisfies Assumption and
that 2y is of geometric genus g > 2. Then:

deg(v,) < deg(vz; o o).

Proof. Let % = ker([pl.,) and 45 be the étale part. Setting By = /9St, we obtain a
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factorisation:

=7 >
0

where ug is purely inseparable and wy is the étale quotient. Clearly, it is sufficient to
prove the analogous statement with wg in place of [p],. By Lemma , there is a
factorisation:

FO P s g8y 2 o

where p" is the degree of % — Z3. As in the proof of the Lemma, we may associate
27" = 7. We then obtain inclusions:

Q% —> Qt%fo(pfr) — Q

1
gzr;)(pfr)

and therefore:
deg(V%) < deg(vgggp—m) < deg(fy%).
On the other hand:
deg(v7) < p'deg(vz) = deg(v 5 © ¥o)

as [p]u, has zero differential which forces r > 0. O

Fixing a basis w1, ...,wg € H° (4, Q}%/k), we obtain a (non-canonical) isomorphism:

[p] ,}o (Q}?io /k) — Q}zfo /k

by noting that the sections [p]%, (w1), .., [p]%y, (wa) trivialise [p]%, (2, ;1) Pulling back the

conormal exact sequences of 2, and %), we obtain a commuting diagram:

U5 (Caoyot) — (Jo o [Plen) Ry jp — vy, — 0

lm

Let v @ v5(Canyat) — Uy, s, denote the composition from top left to bottom right in the

above diagram.

Corollary 4.1.27. Under the hypotheses of Lemma[{.1.26], the morphism of sheaves 7y is

generically non-zero.
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Proof. By pulling back along normalisations, we obtain the analogous diagram:

0 —— TJE’S(%XO) — ([plat © Jo)" Qafg/k — USQI'O — 0

lw

0 —— Copjoy —— ]OQ}JO/k _ (NZ}% — 0

Let 7 : 173(%710) — fl}yo denote the analogous morphism of sheaves. Note that ¥ is equal
to v over the smooth locus of %4 so it is sufficient to prove the claim for @0/. Suppose
for contradiction that 4 = 0. Then, the vertical isomorphism in the above diagram would
induce an isomorphism on the quotient 175521% A (Nll% si- On the other hand, by Lemma
4.1.26 we have that:

deg(ly, 1,) = deg(v,) < deg(vz © To) = deg(T5€2y;)
providing the desired contradiction. O]

Finally, we describe v : v5(C o) — QU s locally, over the smooth locus of Zo.
Let ap € # be a local section and @ its image in €'z /.. We may write dag = Zle fiwi

for some local sections f; € 0, with respect to the basis w;. We then have that:

9{0 fz Wi |

M&

i=1
We finish the proof of Proposition [4.1.24] by showing the following:
Lemma 4.1.28. The maps v, : v§(€2y /) — Q;J/o/k coincide.

Proof. Lift the basis w; of .,/ to a basis w; of Q4 /g,. Then, if a; € # is a local section
with image ay € €2,/ we can write da; = S| fiw) for some local sections f! € O,

and we have that: ;

v(v* § do (fi) wila

=1

where f; = f{ (modp). On the other hand, [p[%, (w;) = pw;, thus:

[Plos (dar) = p (Z )

=1

and by Lemma 4.1.25) we have that:
d

w5 (@0)) = D[l (i) wil

=1
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thus the morphisms of sheaves coincide. O]

4.1.4 Refinements on the bounds

We now discuss refinements on the bounds discussed in Remark 4.1.18| when .27, is an

abelian surface. Recall that, from the previous subsections we have a diagram of the form:

%/
>
%U—O>3{0

[ ]

oy ———
[P] oz

where hgo : Vo — % is an affine morphism with distinct integral curves 2y, %7 C V, such
that h0|g/fof : &y — A is an isomorphism. We wish to describe the bound:

| 29 (k) N (k)| < po = deg(hy) - (Zo - Zo).

Note that deg(vyg) = deg(hg) - deg(v)) so as a first step we describe the degree of the
restriction [plu,|2,. To do this, we recall that if fo : Cy — Dy is a finite morphism of

integral k-curves, then there is a factorisation:

deg(fo) = insep.deg( fo) - sep.deg( fo)

(cf. Prop. [3.4.4) corresponding to the decomposition of the finite extension k(Cy)/k(Dy)

into a purely inseparable and separable field extension.

Proposition 4.1.29. Let k be an algebraically closed field of characteristic p > 0 and

ug : Bo — Ay an isogeny of abelian varieties over k. Let 9 = ker(ug) and write:
g@ = goo Xk géét

for the connected-étale decomposition. Suppose that ig : Xy — % is the closed immersion
of an integral curve satisfying Assumption and jo : % — By is the reduced preimage
of Zo under ug. Then, writing vy : % — o for the restriction of ug to %, we have that:

i) sep.deg(un) = tk(%);
i) insep.deg(vg) = p® where e > 0 is the smallest integer such that F'©) annihilates 45.

Proof. To prove (i), we may divide <% by ¥; and assume that wug is a separable isogeny.

Then % is the preimage of 2, under u and deg(vg) = deg(ug). To prove (ii) we similarly
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divide through by ¥§' and assume that wg is purely inseparable. Write p” = insep.deg(vy).

We assume that F(©)(¥42) = 0 so that we have a factorisation:

By O gl

R

Ay

hence r < e. To obtain the reverse inequality we use the factorisation of the geometric
Frobenius from Lemma 4.1.23t

A fortiori, F"(%5) = 0. O

The above information allows us to compute the degree of vy : %5 — Zy. However,
to optimise the bounds of Remark [4.1.18] we would like to describe the degree of hf, : % —
Zy. Recall that, from Proposition [£.1.24] the morphism v} : % — % is generically étale
i.e. separable and thus:

insep.deg(hy) = insep.deg(vy);

and so we need only describe the separable degree of hy.

Refining the bounds for canonical lifts

Suppose that .o is ordinary. Recall that 7 is the canonical lifting of <7 (cf.|3.6.3)) if the

connected-étale sequence splits:
0—9 — 4 — G —0

as a short exact sequence of finite flat R;-group schemes where ¢, = <7 [p]. More generally,

suppose that there is some non-trivial finite étale subgroup scheme:
J6 C 9.
Then we can consider the factorisation:
[Plen - Ay — By — o4

where o) — o /7 = P, is the étale quotient and u, is the dual isogeny. Let 2, — %,

be the reduced preimage of 2y under ug. Then, as the differential of wuq is still zero, we
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obtain the following diagram:

%/

T

% » 20 > 2o
|

[ [

7 > B > A

uo

by applying the lifting property of Vy described in Proposition and noting that it is
natural. Applying Prop. 4.1.29| again, we obtain the bound:

sep.deg(hf) < sep.deg(Zy — Z4) = tk(¥4 ) 24).

4.1.5 Inertia actions and p-divisible groups

Let R, K,k be as in the previous subsections. Recall that we have a closed immersion
i: X — A/K of a curve in an abelian variety and we wish to show that the intersection
X(K) N AJoo] is finite, and bounded by some tractable constant ¢ > 0. So far, we have

been able to provide a bound on the coprime-to-p torsion A[oo](p') of A lying on X:
X (K) N Aloo] ™| < [Im(23(Ry) N phi(Ry) — 24(k))] < o

We now show how this bound can be used to infer a bound on the number of torsion points
of any order lying on X. First, we show that the above bound holds for all translates of
X:

Proposition 4.1.30. Let a € A(K) and X + a — A denote the K-curve t,(X) where
te : A — A denote translation by a. Then there exists a bound:

(X + @) (K) N Afoc] ™| < pao

where g is independent of a € A(K).

Proof. Suppose first that a € A(K) \ A(K). Let H < A denote the subgroup scheme of
translations which fix X. As X has geometric genus g > 2, H < Aut(X) is a finite group.
Let 57 C o/ denote the closure of H in & and let 2 — 2 denote the normalisation. By
assumption, 2 is a smooth R-curve. There is an action of J# on 2" which extends to 2 .
Consider the special fibre 5 — Aut(%). The Lie algebra of Aut(%) at the identity is
given by HO(%, w\f%/k) where W7k is the canonical sheaf of %. As 3?8 has genus g > 2,

W is ample and so HO(%, wvﬁ/k) = 0. Therefore, 74 is étale and 7 is unramified. In
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particular, there is some 0 € Gk = Ik such that (X +a)? # X + a. Thus:
(X +a)(K) N Aloc]?) € (X + a)(K)Na((X + a)(K)).

The right hand side consists of the intersection of two distinct integral curves and so is
finite and bounded independently of @ and o. Indeed, we may take pg to be the maximum
of this number, and the bound from Remark [{.1.17 In the case when A is an abelian
surface, we have that [(X + a)(K) No((X +a)(K))| < X - X = 25 - 25. Now suppose
that a € A(K) = o/(R) so that X + a is a K-curve. It is sufficient to show that:

Im((21 + a1)(R1) Npati(Ry) — (Lo +ao)(k))| < po.

As k is algebraically closed, there exists an element by € 2% (k) such that pby = ag. Picking
any lifting b; € @4 (R;1) of by, we have that a; = pb; + ¢; where ¢; is in the kernel of
reduction. Write A(ay) = Im((27 + a1)(R1) Npeti (Ry) — (Zo + ao)(k)). The case A(0)
is of course Prop. We split into two cases:

(i) First we assume that a; = pb;. Then we see that A(pb;) = A(0) + pby and so these

sets are of the same cardinality.

(i) Now assume that a; = ¢y is in the kernel of reduction. Then, we can replicate
the proof of Prop. and construct a bundle Vo — 25 = (27 + c1)o and a
curve % which remain unchanged (as they depend only on the special fibre). On
the other hand, 27 + ¢; is a different lifting of 2, and so the trivialising section
2y of Vo changes. However, one can check that the bounds obtained in Remark
4.1.17| still hold for the size of A(c;). Indeed, one simply replaces the morphism

of sheaves € : 4y, — @770, with a morphism e + (h})*(v) for a unique morphism

v €y — O, as given by the torsor description of Vj in Prop. , thus giving

the same bound p. O

Note that, as we assumed our initial input data X < A were defined over a number
field L, there are an infinite number of finite places of L satisfying Assumption [4.1.2]
Choosing another finite place w satisfying the same conditions, and lying over a distinct

prime ¢ # p, one obtains a bound:
IX(L) N Aloc] @] < i

where yi; is the bound obtained in Remark when we work over the prime ¢ instead
of p. It is clear that X (L) N Afoo]® C X (L)N A[oo]@) as p # ¢ so we obtain the following

as a corollary of Prop. [4.1.30
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Proposition 4.1.31. For all a € A(K), there exists a bound:
(X +a)(K) N Afoo]®| <

where iy is independent of a € A(K).

Remark 4.1.32. Alternatively, one may obtain a bound p; as above by studying homotheties
of the p-adic Tate module of A (cf. [Bog80]). In this way, one may obtain bounds on the
number of p-primary torsion points of A lying on (any translate of) X without the extra
assumption of good reduction at another place w. We discuss this in the Appendix (Prop.
B.2.1)).

We now describe how to combine the bounds on coprime-to-p and p-primary torsion

into a single bound on the size of X (K) N A[oo].

Definition 4.1.33. Let K be a characteristic 0 field, complete with respect to a discrete
valuation, with residue characteristic p > 0. Let A/K be an abelian variety. We say that
the inertia action on A is large if for all N > 0 there exists an integer r» > 0 such that,

whenever = € Afoo]® has order > p', then the size of the orbit I - x is > N.

Informally, the size of the Ix-orbits of points of A[oc]® tend to infinity as their
order tends to infinity. We show immediately that when A/K has a large inertia action,

we can bound the torsion points lying on X:

Proposition 4.1.34. Suppose that A has large inertia action. Then there exists a constant

¢ > 0, depending on the residue characteristic p > 0 and a distinct prime q # p, such that:

X (K)N Al < .

Proof. Suppose that x € X(K) N Afoc]. Then there exists a unique decomposition x =
o'+ 2" where 7' € (X —2")(K) N A[oo]®) and 2" € (X —2')(K) N AJoo]®). As 2’ € A(K)

we have that X — 2’ is a K-curve and thus:
Gk - 2" C (X —2')(K) N Aloc]®,

Then, using Prop. [4.1.31] we have that |Gk - 2”| < 1. As the inertia action is large, there
exists some r > 0 such that the order of z” is at most p” (depending on py). There are
at most |A[p"](K)| = p*" possibilities for 2” where g = dim(A). For each such possibility,

the number of possibilities for 2’ is bounded by

(X —a")(K) N A[oo] "] < 4o
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by Prop. 4.1.30. In total:
| X(K) N Aloo]| < ¢:=p™" - pio. O

Let «7[p>] denote the p-divisible group of o/ over R. Recall that </ [p™] has an

associated connected-étale sequence:

0 — A [p=)° — A [p>*] — A [p>]* — 0.
The failure of the action on A[oc]® = &7[p™](K) to be large precisely occurs when
2/ [p>°|(K) has a non-trivial, p-divisible sub-group:
Lemma 4.1.35. Let T be the mazimal p-divisible subgroup of </ [p>™|(K). Then there
exists a p-divisible subgroup T" C A[oc]®) such that:

A[OO](p) ~ T}g ®T"

as Galois modules. Moreover, the inertia action on T" is large.
Proof. See |[Ray83-1, Lemma 5.2.1]. O

We conclude the chapter by giving a proof of the Manin-Mumford conjecture in

general:

Theorem 4.1.36. [Manin-Mumford Conjecture] Suppose that X — A/L is an integral
curve of geometric genus g > 2 embedded in an abelian variety defined over a number field
L. Suppose that there are places v, w of L, unramified over distinct primes p, q respectively
such that X and A have good reduction at both v and w. Then there exists a constant

c > 0, depending on p and q such that:
[ X(K) N Alod]| <.
Proof. Consider the new decomposition of the torsion points of A:
Aol =T & T"

where T" is the supplement from Lemma and T" = T, @ Aloc]®). Then we still
have that 7" is unramified and p7” = T" by construction. We may then repeat the proof
of Proposition to obtain a bounds pg on the cardinality of X(K)NT’. As the
inertia action on 7" is now large, we may obtain a bound on X (K)NT" as in Prop.

respectively and then produce a total bound ¢ > 0 on X (K) N A[oo] by repeating the proof
of Proposition with respect to the new decomposition. O
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Chapter 5

Bounds obtained for the
Bogomolov-Fu-Tschinkel conjecture

in the case of good reduction

5.1 Bounds obtained for the Bogomolov-Fu-Tschinkel

conjecture in the case of good reduction

We now return to the conjecture of Bogmolov-Fu-Tschinkel and describe the bounds one
may obtain from Raynaud’s proof of the Manin-Mumford conjecture in the good reduction
case. Suppose that m; : E; — P!, i = 1,2 are standard double covers of elliptic curves

defined over some algebraically closed field k. Write:
ﬂ-’l(El[Q](k)) = {ai’ bia Ci, dl}

We consider the curve i : X — F; X Fy given by the preimage of the diagonal Ap:1 under
the product of the standard projections m; X my (i.e. the fibre product):

E1XE2<—’X

b |

F)1 X F)1 < Apl

Using Raynaud’s proof of the Manin-Mumford conjecture, we can obtain a bound ¢ > 0

on the torsion points of F; x Es lying on X:
| X(L) N Eq[oo] x Eploc]| < ¢

when the standard double covers (E;, m;) satisfy certain conditions that we will explain

later.
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Remark 5.1.1. The morphism X — Ap: is degree four, and branched at the points:

{(a1,a1), (b1, b1), (1, ¢1), (di, dv), (ag, as), (bz, ba), (ca, c2), (d2, d2) }.

Generically, this is a set of 8 distinct points in P!(k) and so a bound ¢ > 0 above would

lend itself to the following bound on the number of common projective torsion points:

Im(Ea[o]) N ma(Bxfoc])| < T +8.

Letting h; and hy represent classes of P! x {*} and {*} x P! in Pic(P! x P!) respec-
tively, we have that Pic(P! x P') = Zhy; & Zhy. Then A ~ hy + hy and as each E; is a

double cover of P!, we have that:
X ~2(E, + Ey) € Pic(BEy; x By) andso X?’=X-X=8(FE,-E,) =8.
Then, using the adjunction formula [Harl3, V, Prop. 1.5] we have that:
PulX) = (X (X 4 Kpyer) +2) = 5(X?42) =5

as F; x FEy is an abelian surface so has trivial canonical divisor. To apply the Manin-
Mumford conjecture to X < E; X E5, we need to verify when p,(X) > 2. To do this, we
compute the singularities of X. As Ap1 = P! is non-singular, X can only have singularities

over the branch points:

{(a1,a1), (b1, b1), (c1,¢1), (di, dv), (ag, as), (b2, ba), (ca, c2), (d2, d2) }.

The number of branch points is given by: 8 — |m(E1[2](k)) Nma(Es[2](k))|. We use an
analytic argument to determine which of these branch points correspond to singularities
of X. Consider the diagram of P! x P! below:

Pl

A

dy t----

!
!
I
|
Cot---- R
|
|
|
|
!
|

O = WaeE EERER RS

g f--- #f----"---d----L__

Working analytically (over C for example) we can pick local complex coordinates (z1, 23) €

E; X FEy and w; € P! such that 2? = w; if w; is a branch point of 7;, and 2, = w;
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otherwise. Suppose that two branch points a; = ay coincide (i.e. the point e above). Then

X C FE; x Ej is locally analytically given by the equation:
{25 =0} C E1 x Ey

and so there is a node of X lying over (a1, as) € Api. On the other hand, if b; is a branch
point of 7 : By — P! but by & m(F>5[2]) is not a branch points of 7, (i.e. a point o), then
X is given locally analytically by the equation:

{Z%_ZQIO}QEl XEQ
and so X is smooth over a neighbourhood of (by,b1) € Ap:. Overall, we have shown the

following;:

Lemma 5.1.2. Let (E;,m;), i = 1,2 be a pair of standard double covers defined over a field
of characteristic # 2. Let X = (m; X m3) 1 (Ap1) be the preimage of the diagonal. Then X

has arithmetic genus p,(X) = 5. Moreover, X has nodes over the points:
™ (E1[2]) Mo (B2 2]);
and thus has geometric genus:
Pg(X) =5 — |m(Er[2]) N ma(E2[2])].

In particular, when m(FE1[2]) N (Es[2]) =0, X is smooth.

Let 01 = t; x Id and 09 = Id X 15 denote the respective involutions of the first
and second component of Ey X E,. This defines a Z/2Z & Z/2Z action on E; X Ey. By

construction X is invariant under this action and so we obtain a subgroup:
Z2/2Z$Z/2Z = H C Aut(X).

Note that X/O'l = E2 and X/O'Q = E1~
Lemma 5.1.3. Suppose that m(FE1[2]) # ma(E»[2]). Then X is integral.

Proof. As X is a double cover of Ej, either X is irreducible or it has two components C}
and Cy such that ¢, =2 (Cy, 2 E; = F5. Assume for contradiction that we are in the latter
case and X = C1UC,. Then, as any automorphism g € H permutes C; and C5, we obtain
a group homomorphism:

H=>=Z/2262/2Z — Z/2Z

where g(C1) = Co1y, 9(C2) = Cya) for some permuation o € Aut{l,2} = Z/2Z. This

group homomorphism has a non-trivial kernel, and so there exists some g # Id such that
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g(C1) = Cy and ¢g(Cy) = Cy. As g is non-trivial, without loss of generality, we may
assume that g induces the involution ¢, : E5 — FEs. On the other hand, by assumption,
there is some branch point by € m;(FE5[2]) such that by ¢ my(F2[2]). X is smooth over some
neighbourhood of b; and so there are distinct points P, € Cy and P, € (s lying over b;. By
assumption g(P;) = P, and g(P,) = P; as g corresponds to the involution of Fy and Py, P;
correspond to non-2-torsion points, thus contradicting the assumption that g(Cy) = Cy
and g(Cy) = Cs. O

Remark 5.1.4. On the other hand, if m (F1[2]) = mo(E5[2]) there is no contradiction and X
has two elliptic components. Indeed, considering Weierstrass equations, this implies that

E, = E5 and so X is isomorphic to two copies of Fy = Ej.

5.1.1 The Jacobian of the curve X

Consider the automorphism ¢ = 0109 = 0907 of X. This is induced by the involution on

the abelian surface E; x Ey and thus fixes the singularities of X:
Sing(X) = X N (F1[2] x Es[2]).

Let X’ = X/ denote the quotient curve and denote by X and X' the respective normali-
sations of X and X'. As the fixed locus of ¢ is precisely the singular locus of X, the curve
X’ has the same number of nodes as X. Consider the induced quotient map on the nor-
malisations: X — X /i = X’ where i : X — X extends ¢. We may take local parameters
z; of E; such that any singularity of X is analytically locally cut out of E; x Fy by the
equation zf — z2 = 0. In these coordinates, ¢ is given by (z1, 22) — (—21, —22) and so the
two local components z; = 25 and z; = —29 are preserved by ¢. This implies that the fixed
locus of i is given by the pairs of preimage points of X lying over the nodes of X. Then,

by the Riemann-Hurwitz formula we have:
20y(X) — 2 = 2(2p,(X') — 2) + 20

where r = [Sing(X)|. Thus, the arithmetic and geometric genus of X’ are given by the
formula:

BalX') = 7+ (X)) = Sy (X) 47+ 1) =3

We will now describe the Jacobian Jg and the associated Albanese morphism:
a . JX — El X E2

with a view towards verifying that Assumption [4.1.21] holds in the present situation. The

main tool we have in decomposing J¢ is the following [Kani-Ros89, Thm. C]:
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Theorem 5.1.5. Let C' be a smooth, projective, geometrically connected curve defined
over a field K. Suppose that H C Autg(C) is a finite subgroup and Hy, ..., H, C H are a
collection of further subgroups such that H; - H; = H; - H; for all i,j. Let g;; denote the
genus of C/H,; - H;. Suppose that:

i) gij =0 foralll <i<j<r;

i) 9o = go/m, + -+ 9oy, -

Then there is an isogeny:

JC ~ JC’/H1 X ..o X JC/HT-

Recall that there is a subgroup Z/2Z & Z/2Z = H C Aut(X) generated by the
automorphisms oy,09 : E; X Eys — FE; X Fy which give the involution on E; and F,
respectively. These automorphisms extend uniquely to X. We sum up the corresponding

quotients in the below diagram:

/X\
E1:X/0'2 X/:X/0'102 EQZX/O'l .

Taking Hy = (01), Hy = (02), H3 = (0109) then H; - H; = H whenever i # j so that
C/H; - H; = P'. Moreover, using the equality g3z = g% + 2 = g% + gr, + gr,, We obtain
the following decomposition:

JXNJX/XE:[XEQ

We now calculate the kernel N = ker(a) of the Albanese morphism a : J¢ — Ey X Ey

in each case g(X) =2,3,4,5 as in [BFT18, p. 7:
Lemma 5.1.6. The kernel of the Albanese morphism N = ker(a) is smooth in charac-
teristic # 2. Moreover, if N° C N is the connected component of the identity, then the

number of connected components of N: |N/N°| is a power of 2.

Proof. The connected component of the identity N° C N is an abelian variety of dimension
g — 2; isomorphic to Jg,. Let f: JJy — B = J3/N° denote the quotient, and consider the

Stein factorisation:

a

0 >y N > By x By —— 0

| s

0 —— N/N° —— B

110



Now h : B — E; x E, is an isogeny with kernel N/N°. Let Z = f(X). Let n = deg(h)
and consider the preimage curve h~!'(X) C B. On one hand, the self intersection is given
by h™1(X) - h™1(X) = n(X - X) = 8n. On the other hand, we have that:

LX) = Y [Z+4]

xEN/N°

and so h ™} X) - h Y X) =n%*(Z - Z). Overall we have that:

|N/N°| =

(ZE?Z) and  (Z-Z) =2pa(Z) — 2 = 2(g(X) + #(nodes of Z)) —2

by the adjunction formula.

g =2
g=3
g =4

In this case X' is rational and so J; ~ E; x Ey and the Albanese morphism is an
isogeny (in particular, it is surjective), so we have a = h and Z = X. Up to projective

transformation, we may assume:
{ah bl7 C1, dl} N {ala b17 C1, dl} - {07 17 OO}

By the adjunction formula X - X = 2g(X) — 2 = 2. Therefore 2n? = 8n and n = 4.
Moreover, one sees that N = Z/2Z @ Z/2Z by noting that the ramification points
{0,1,00} of X — P! correspond to 3 nodes {Py, P, P} € X and so to 6 points
{Qo, @5, Q1, R, R, @} C X < J¢ of the normalisation. We then obtain the
elements: [Qo — @], [Q1 — @], [Qeo — Q] € Pic®(X) = J; which can be easily seen

to generate the kernel N with the relation:

[Qo — Qo] + [@Q1 — Q1] + [Qe — QL] = 0.

. In this case X’ = Ej is an elliptic curve and we have that:

Jj( ~ E1 X E2 X E3
and so it is clear that the kernel N = ker(a) contains Fs. Writing m;(E;[2]) =

{ai, bi, ¢;,d;} for ¢ = 1,2, without loss of generality we may take a; = ay = 0 and

by = by = o0 so that X has two nodes Fy and P,.. In fact, Z is non-singular so:

N/N° = Z7/27.

In this case X’ is a genus 2 curve. One can see from the equality:

8 = n(2(g(X) + #(nodes of Z)) — 2) = n(6 + 2#(nodes of Z))
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that we have n = 1 and that Z has a single node, so lies isomorphically over X.

g = 5: In this case, X = X is a smooth genus 5 curve and X’ = X’ is smooth, hyperelliptic
genus 3 curve. The double cover X — X' is unramified. We then see that Z = X so
that (Z - Z) = 8 and again N/N° is trivial. O

Remark 5.1.7. The above discussion holds over any algebraically closed field of character-
istic 0 or p > 2 as we utilise the fact that the finite covers of degrees 2 and 4 above are
separable. Thus, to verify Assumption for the reduction of 7 : X — E; X Ey modulo
p, one need only take p > 2.

5.1.2 Bounds on common coprime-to-p torsion

Let (F;, m;) be a pair of standard double covers defined over a number field L. Write
7 (Ei[2])(L) = {as, b;, ¢, d; }. Fix a finite place v of L over a prime p > 2. Write R for the
complete maximal unramified extension of &y, constructed in Assumption [£.1.2] K for
the fraction field and £ for the residue field.

Theorem 5.1.8. Let (E;,m;), 1 = 1,2 be a pair of standard double covers defined over a
number field L. Write m;(E;[2]))(L) = {ai, b;, ¢;, d;}. Fiz a finite place v of L over a prime
p > 2. Suppose the following hold:

i) v is unramified over p;
ii) By and Ey have good reduction at v;

iii) w1 (Ey[2]) N ma(Ea[2]) has constant rank < 4 after reduction at v (i.e. these sets of
branch points don’t coincide, and the number of geometric points in the intersection

does not increase after specialisation).

Then we have that:
m1(E1[00]®)) N ma(Bp[o0] )| < 2p° + 8.

Proof. Let X — FE; X E5 be the curve given by the preimage of the diagonal under the
product of the standard double covers. As the branch loci of 71,7 do not coincide, as
discussed in Lemma [5.1.2, X is integral of geometric genus > 2. As we assume that F; and
E5 have good reduction, there exist abelian R-schemes &) and &, respectively extending
the curves where R is the completion of the maximally unramified extension of 0 Lo We
then take i : 2" < &1 X r &3 to be the scheme-theoretic closure of X in &) X r 8. Condition
(iii) ensures that the normalisation of 2 of 2 is smooth over R and so Assumption m
is satisfied for X — E; x Fy and so we may apply Corollary [4.1.16}
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Consider the reduction mod p of the closed embedding iy : Zy — &1 Xk 2. By
flatness, the self intersection of 2y is still given by (24 - Zp) = (X - X) = 8. Recall that,
the bounds from Corollary 4.1.16{ depend on the degree of h{ : %[ — Z, where:

/
%
!
Vg hél
_—
%, - 2

[ [

éal,o Xk 5)2,0 T 51,0 Xk 5’2,0

%y — E10 X Sy is the reduced preimage of 2, under the multiplication-by-p map, and
vo : % — Ay is the restriction of the multiplication-by-p map to %. To bound deg(hy),

we need to understand the connected-étale sequence of % = & y[p| X &20[p]. Recall that:

i) If &/k is a supersingular elliptic curve then &p] = &[p|°® is of rank p?, and coincides
with ker(F}),).

i) If &/k is an ordinary elliptic curve then:
olpl = ppk Xk Z/pZ

(cf. Cor.|3.3.18). Applying Proposition [4.1.29| to the above situation, we have that:

i) If &1 and & are both supersingular then:

deg(vg) = insep.deg(vy) = p*.

As v} is separable, it is an isomorphism and overall deg(h{) = p*.

ii) If exactly one of & o and & is ordinary then:

sep.deg(vg) = p and insep.deg(vy) = p*.

Thus we have that deg(hf) < p*.
iii) If &1 and & are both ordinary then:

2

sep.deg(vg) = p° and insep.deg(vy) = p

and so deg(hf) < p.

Thus, in all cases we obtain the bound:
X (K) N (Ey[oo]®) x Eyloo]®))| < 8p°
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and by the considerations in Remark we can infer the bound 2p® + 8 on common

projective torsion points. ]

Overall, we obtain the bound 2p® + 8 in all cases. However, we obtain a slight

sharpening of the bound on deg(h{) when one or both of & g, is the canonical lifting of

&ip (cf. 4.1.4):

i) If exactly one of & g, and & g, is a canonical lifting, then we have that deg(h{) < p*.

ii) If both &1 g, and & g, are canonical liftings, then we have that deg(hy) = p.

We sum up the sharpenings we can make depending on the reduction type of the curves,

and whether one or both is a canonical lifting modulo p? as follows:

Corollary 5.1.9. Keeping the assumptions as above, we obtain the following sharpenings

of the bound given:

i) Suppose that both curves Ey and Ey have supersingular reduction. Then:

‘WI(EI [00] @) N 7T2(E2[OO](p/)>‘ <2p° +38.

i1) Suppose that exactly one of the curves is the canonical lifting of its reduction mod v.
Then:

m(Ex[oc]) 0 3 (Bzloo] )| < 297 + 8.
iii) Suppose that both curves are the canonical liftings of their reductions mod v. Then:

(B[00 ) N ma(Baloc] )| < 2p 48,

5.1.3 Bounds on common torsion points of any order
Let X < FEy x Ey/L be as in the previous subsection. We have the bound on the coprime-

to-p torsion lying on X:

‘X(I_() N By [oo]®) x Eyfoo]®)| < 8pf

where ¢ = 1,2 or 3. Suppose that we take a second finite place w of L over a prime ¢ # p

satisfying Assumption [4.1.2] then we obtain similar bounds on the p-primary torsion:
| X(K) N Ey[00]® x Eyo0]®| < 8¢/

again for some j = 1,2 or 3. Using the results of Prop. and Cor. [3.7.11], as long

as E1 and Ey are not canonical liftings, there is some explicit function N(r) such that, if
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r € Ey[00]® x F,[00]® has order > p” then we have a lower bound:
Ik - x| > N(r).

Applying the proof of Prop. 4.1.34] with py = 8p?®, u; = 8¢*> and N(r), one obtains a

tractable bound for the common projective torsion points of two elliptic curves:

Theorem 5.1.10. Let (E;,m;), i = 1,2 be a pair of standard double covers defined over a
number field L. Write m;(E;[2]))(L) = {a;, b;, ¢;, d;}. Fiz a finite place v of L over a prime
p > 2. Suppose the following hold:

i) v is unramified over p;
ii) Ey and Ey have good reduction at v;

iii) w1 (Ey[2]) N ma(E2[2]) has constant rank < 4 after reduction at v (i.e. these sets of
branch points don’t coincide, and the number of geometric points in the intersection

does not increase after specialisation).

Suppose that w is another finite place of L satisfying the above, and lying over a prime
q # p. Then we have that:

71 (B [00]) N 7o Eafoo])| < ;1 +8

where:

c= 8p3 . p4’r
and r is the smallest positive integer such that N(r) < 8¢>.

Remark 5.1.11. When one of the component curves Fj; is a canonical lifting, then as ex-
plained in Lemma[4.1.35] one can still obtain the bound above by re-running the arguments
in Prop. 4.1.34| with the decomposition described in Lemma 4.1.35

It is a purely combinatorial problem to determine the constant ¢ > 0 in each of the
cases described (depending on the reduction type of F; and Es), and depending on the
primes p,q. In the case where one of the curves E; has ordinary reduction, the constant
N(r) depends on the Serre-Tate coordinate \; of E; (cf. Cor. [3.7.11]). More specifically, one
needs to know the valuation v(\; — 1) to write N(r) explicitly. We discuss in the Appendix
(Prop. how one may determine this valuation for small primes.
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The case of semistable reduction and

methods from logarithmic geometry
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Chapter 6

Semistable reduction and Néron

models

Until now, we have primarily been concerned with the common torsion points of pairs of
elliptic curves with good reduction. In the next part, we will extend some of the methods
of Raynaud to the case of bad reduction of one or both of the elliptic curves in question to

obtain new bounds for the Bogomolov-Fu-Tschinkel conjecture.

6.1 Néron models of elliptic curves and Tate curves

6.1.1 Properties of Néron models

The standard reference for Néron models is [BLR-12], however, when we restrict our at-
tention to elliptic curves, the main reference will be [Sil94] with some auxiliary results
from |Liu02]. Let S be a Dedekind scheme i.e. a noetherian integral scheme of dimension
1 whose local rings are all regular. Examples to keep in mind are non-singular algebraic
curves, the spectra of Dedekind domains, and their localisations at non-zero primes. Sup-
pose that K is the fraction field of S and that X is a smooth, separated K-scheme of finite
type. By a model of X over S, we will mean a flat S-scheme 2~ such that 2 = X.

Definition 6.1.1 (Néron Mapping Property). Let X be a smooth, separated K-scheme
of finite type. A Néron model for X over S (if it exists) is a smooth, separated S-model
Z of finite type satisfying the Néron Mapping Property (NMP):

For each smooth S-scheme % with a morphism of K-schemes uy : %) — 2k, there

exists a unique S-morphism u : % — 2" extending ug.
We note the following immediate consequences of the NMP:
Proposition 6.1.2. Let X be a smooth, separated K-scheme of finite type.

i) A Néron model for X over S is unique up to isomorphism, if it exists.
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i)

iii)

Suppose that the Néron model 2 /S of X exists. Then there is a natural bijection:

2(5) = X(K).

Suppose that X is a K-group scheme. Then 2" is an S-group scheme; extending the

group structure on X.

Example 6.1.3. Suppose that R is a complete DVR with fraction field K and set S =

Spec(R). The following are non-examples of Néron models.:

i)

ii)

P1, fails to be a Néron model of P} precisely because there exists automorphisms of
Pl that fail to extend to PL. Suppose for contradiction that Pk is a Néron model,

and consider the automorphism v € PGL(2, K) given by:

-

where 7 € R is a uniformiser. If v : PL — PL is the R-morphism given by the
same matrix, then this must be the unique extension of v. However, the restriction

v : P, — P4 is no longer invertible, and thus vz is not an R-automorphism.

On the other hand, from the NMP, it is clear that any K-automorphism should
extend uniquely to an R-automorphism (the inverse must also extend uniquely, and

the composite extends uniquely to the identity).

Similarly, G,, r fails to be the Néron model of G,, x. This is most easily seen on

points:
Gur(R)=R'=R\mR% K" =06, k(K).

6.1.2 Néron models of elliptic curves

Let R be a complete discrete valuation ring with fraction field K and residue field k.

Assume that K is characteristic 0 and that k is separably closed of characteristic p > 0.

Let 7 be a uniformiser of R and let m = 7R denote the maximal ideal. In this subsection

we will primarily be concerned with elliptic curves E/K with multiplicative reduction.

The main reference will be [Sil94]. The following construction [Sil94, Example 5.4.4] will

turn out to be prototypical for the models we wish to consider and so we provide it here:

Example 6.1.4. Let #/R be defined to be the following Weierstrass curve:

Wy oy =2+ CP%
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where N > 0 is an integer. Letting £ = #, we see that E has multiplicative reduction
at 7 as:

Wi y® +ay = a°

is the rational curve with a single node v = (0,0) € #}. Let #* = # \ {v}. By
properness, it is clear that # (R) = E(K). So suppose that (a,b) € # (R) specialises to
v =(0,0). Then we can write (a,b) = (wa’, 7b’) such that ', € R satisfy:

7T(b/)2 T 7r2a’b’ — 7r2(a’)3 + 7TN71.

Thus, if N = 1, by considering valuations, we see that no such point can exist and
W (R) = E(K) and in fact #°™ is the Néron model for E. On the other hand, if
N > 1 there is no contradiction and in fact #°™ is not the Néron model of E. This is
explained in part because # is not regular. Indeed, the point v € # behaves like a cyclic

quotient singularity in the sense that there is an étale chart:

U = Spec (M) W

where 7% is obtained from the AL-scheme X = Spec (M> via the base change:

(uv—tV)

U ——— X

| |

Spec(R) —— AL

sending ¢ — 7. On the other hand, applying the base change Spec(C[t]) — AL we obtain
the usual cyclic quotient singularity of type Ay_1. We will see that there exists a minimal
resolution € — W of this singularity to a regular, proper model of F and that its smooth

locus €*™ is the Néron model of E.

We make the above construction concrete with the following definitions and propo-

sitions. Let E//K be an elliptic curve in Weierstrass form:
E:y* 4+ ajzy + asy = 2° + aox® + aux + ag

with a; € K. By performing a change of coordinates, one may take the values a; € R.
We say that the corresponding projective R-scheme in P% is a minimal Weierstrass model
W of E if the discriminant A = A(q;) is minimal with respect to its valuation v(A) > 0.
Let #s™ C W denote the maximal smooth subscheme of #7; i.e. we remove the singular
point of #}, if it exists. In general, this is not the Néron model of E but still enjoys certain

desirable properties:
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Proposition 6.1.5. Let R be discrete valuation ring with fraction field K. Let E/K be
an elliptic curve and # | R its minimal Weierstrass model. Let # ™ denote the largest

smooth subscheme of W .

i) W™ is an R-group scheme with generic fibre isomorphic to E;

it) The addition map on #™ extends to an R-group scheme action:

WS X W — W

iii) If W is reqular then #°™(R) = E(K).
Proof. See [Sil94, TV, §5, Theorem 5.3]. ]

In general, the minimal Weierstrass model is not the Néron model of E. To obtain
the Néron model we would like to desingularise the arithmetic surface # — Spec(R), min-
imally, so that the resulting resolution of singularities can still satisfy the Néron Mapping

Property.

Relatively minimal arithmetic surfaces

Let S be a Dedekind scheme with fraction field K. An arithmetic surface € is an integral,
normal, excellent scheme which is flat and finite type over S whose generic fibre C' = €k
is a smooth, integral, projective curve of genus g > 1. Note that, by flatness, for each
closed point s € S the curve € has arithmetic genus p,(%;) = g. Moreover, the normality
assumption ensures that the singularities of % lie in codimension 2 i.e. are a finite set of

points, lying only on a finite set of closed fibres %.
Theorem 6.1.6. Let R be a Dedekind domain with fraction field K, and let C/K be a

smooth, projective, integral curve of genus g > 1.

i) There exists an arithmetic surface € /R with generic fibre C' that is reqular and proper

over R. We call € a proper reqular model for C'.

i) There exists a proper regular model €™ /R for C that is (relatively) minimal in the
sense that, for any other proper reqular model € of C, the induced birational map

€ -+ €™ extends to an R-morphism.

Proof. See [Sil194] TV, §4, Theorem 4.5]. ]

We refer to the (unique up to R-isomorphism) model ™™ as the (relatively) minimal
proper reqular model of C'. The construction of €™ works much like the classical case of
minimal models of compact complex surfaces. Indeed, given a normal, proper model & of
C, there exists a finite sequence of blow-ups € — %, centered at the singular points of ¢
such that € is regular. We then perform a series of contractions on % that terminate at

a unique proper regular model.
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Let S = Spec(R) where R is a discrete valuation ring and suppose ¢ — S is a
proper arithmetic surface. % is normal so admits a good notion of a Weil divisor. Let
Div(%’) denote the free abelian group generated by the irreducible Weil divisors of % i.e.
integral closed subschemes of dimension 1. Viewing % as a fibred surface, there are two
main classes of divisors. Any section ¢ : S — % has closed image which we view as a

horizontal divisor. On the other hand, letting 0 € S denote the closed point, we may

6o = Z n; Fy;

where F; C %, are irreducible curves and n; are a finite set of non-zero integers. This

write:

defines a subgroup of fibral divisors:
Div;(¢) C Div(%);

generated by the divisors Fj.

Theorem 6.1.7. Let R be a discrete valuation ring with residue field k, S = Spec(R) and

€ /S a regular, proper arithmetic surface. There exists a unique bilinear pairing:

Div(%) x Div(€¢) — Z;
(D,F)— D-F.
satisfying the following properties:

i) If D € Div(€) and F € Divy(€) are irreducible, then:

D-F= > L(DF);

zeDNF

where: 5
1(D, F) = dimj,—2%;
(D F) = dimi ey

and f,g € Oy, are local equations for D, F' respectively.

ii) If D1, Dy € Div(€) are linearly equivalent then for any fibral divisor F' we have:

D, -F=D,-F.

iit) The restriction of - to fibral divisors is symmetric.

Proof. See [Si194} 1V, §7, Theorem 7.2]. O
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Note that, for any rational function f € K(%) the associated principal divisor:
div(f) = ordp(f)D
D

is, by definition, linearly equivalent to 0 and so div(f) - F' = 0 for all fibral divisors F' by
(ii). In particular, €, = div(m) is linearly equivalent to 0, where 7 € R is a uniformiser.
Thus %, - o = 0. We now state Castelnuovo’s criterion, adapted for arithmetic surfaces,
in the case where the residue field k is algebraically closed. Note that, if € is a proper,
regular model and z € % is a closed point, then the blow-up at z: ¢ : Bl,(%¢) — % is also
a proper regular model, isomorphic to ¢ \ {z} away from a copy of P} C (Bl.(%)); with
self intersection P; - P; = —1. In general, we say that an irreducible fibral divisor is an

exceptional curve if it is rational, and has self intersection —1.

Proposition 6.1.8 (Castelnuovo’s criterion). Let R be a discrete valuation ring with frac-
tion field K and algebraically closed residue field k. Let C' be a non-singular projective of
genus g > 1.

i) Let €'/R be a proper regular model for C and D € Div(€") an exceptional curve.
Then the contraction:
0: ¢ —C

of €' at D exists.
ii) The minimal proper regular model for C'/K contains no exceptional curves.
Proof. See [Sil94, TV, §7, Proposition 7.5]. ]

Thus, given a non-singular projective curve C/K of genus g > 1, one may take
any proper, normal model /R (i.e. clearing denominators of some projective equations
and normalising). Then there exists a desingularisation % — € from a finite sequence of

blow-ups and the minimal model is obtained by contracting any (—1)-curves.

6.1.3 Kodaira-Néron classification

Let R be a complete DVR with fraction field K and algebraically closed residue field k.
Let E/K be an elliptic curve. Recall that the minimal proper regular model % is obtained
as the minimal desingularisation of the minimal Weierstrass model #". Then the Néron

model & of E is the maximal smooth subscheme of . We sum this up in the following
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diagram (adapted from [Liu02, p. 457]):

contract

1
eX(é?l;;E,lg? a/ xesmgularlse
W ¢~ B

change of
variables

smooth
locus

Independently, Kodaira and Néron classified the possible special fibres of the minimal
proper regular model € of E [Kod63|, [Ner64]. We will only discuss the minimal proper

regular models & of elliptic curves E = % with multiplicative reduction.

Remark 6.1.9. If k is a not necessarily algebraically closed field, with an algebraic closure
k, then a k-torus T of rank r > 0 is any k-group scheme which admits a k-isomorphism
Tr = (G,.z)"- We say that T is split (over k) if there exists a k-rational isomorphism:

T=(Gnk)

)

Otherwise, we say that T is non-split. In the classification of Néron-Kodaira, they distin-
guish between split multiplicative reduction and non-split multiplicative reduction of the
Néron model of an elliptic curve. In what follows, we will keep the assumption that k is

algebraically closed and only refer to multiplicative reduction.

Definition 6.1.10. Let k£ be an algebraically closed field and N > 0 a positive integer.
Let P, x Z/NZ be N disjoint copies of the projective line. Suppose we make a choice of
projective coordinate z; = (z,4) € P; x {i} for each i € Z/NZ. The (standard) Néron
N-gon is the algebraic curve Py, given by identifying:

(00,4) ~ (0,74 1) for eachi € Z/NZ.

Py i, is of arithmetic genus 1 with trivial dualising sheaf and normalisation PNVk = P} x
Z/NZ. Note that we allow the nodal rational curve P .

The above definition should really be a proposition. In |[Del-Rap72, II, Lemme 1.3,
the authors show that any connected, reduced algebraic curve C'/k of arithmetic genus
one, with at worst nodal singularities, and trivial dualising sheaf w¢ is a Néron N-gon or

an elliptic curve.
Example 6.1.11. Let k& be an algebraically closed field.
i) The nodal cubic y* + xy = 2* C P7 is the Néron 1-gon.

ii) We illustrate the Néron 5-gon below:
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We are now ready to state the Kodaira-Néron classification for elliptic curves with

multiplicative reduction:

Theorem 6.1.12. Let R be a complete DVR with fraction field K and algebraically closed
residue field k. Let E/K be an elliptic curve with minimal proper reqular model € and
Néron model & .

i) If E has good reduction, then & = € and % is an elliptic curve. We denote this
reduction type by Iy.

ii) If E has (split) multiplicative reduction then 6, = Pyy is a Néron N-gon where
N = —v(j(E)). We denote this reduction type by Iy.

In case (it), €, has N nodes and &, = G, X Z/NZ.

Proof. See [Sil94] 1V, §8, Theorem 8.2]. O

6.1.4 Tate curves

Our main reference for Tate curves is [Ser97, Appendix A.1]. Let K be a field, complete
with respect to a discrete valuation v. Let R denote the corresponding valuation ring and
k the residue field. Given any Tate parameter ¢ € K* such that v(q) > 0, we have the
associated Tate curve:
E,:y* + 2y = 2° + as(q)r + ag(q)
where we define the power series:
k. n

sul) = > 7=

n>1

as(q) = —5s3(q);

a6(q) = — (583(61);;785(41)) ;
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which converge with respect to v. £ is then an elliptic curve in Weierstrass form. Note
that the j-invariant is given by the convergent power series:

1+ 48 31
i(q) = (1 48ai(q)” _ 1 + 744 + 1964884¢ + ...

Il =g g
so that v(q) = —v(j(E,)). By considering valuations, the coefficients of E, are integral.

Moreover, the reduction mod v is given by the nodal cubic with singular point (0, 0):
Eq :y2—|—xy:x3.

The fundamental observation of Tate was that any elliptic curve E/K with split multi-
plicative reduction could be expressed as a Tate curve (up to isomorphism) for a unique

Tate parameter g € K*:

Proposition 6.1.13. Let K be a field complete with respect to a discrete valuation v.
Suppose that E/K is an elliptic curve with split multiplicative reduction mod v. Then

there exists a unique element ¢ € K* with v(q) > 0 such that:
= Ey;

via a K-rational isomorphism.
Proof. See [Si194] V|, Theorem 3.1]. O

In the classical setting, one often defines an elliptic curve over the complex numbers
as a 1-dimensional complex torus C/A where A=2Z-1+Z.-7 C (C,+) is a free abelian
subgroup of rank 2. Such a complex torus is shown to be algebraic by defining a closed
embedding into CP? using the Weierstrass g-function. This perspective is important as it
realises C as the universal cover, and holomorphic functions on C/A are equivalent to A-
periodic functions on C. On the other hand, if K is a non-Archimedean field, then (K, +)
admits no non-trivial free subgroups, and so one cannot hope to uniformise an elliptic

curve F/K with K. Considering the exponential exact sequence:
1—Z—>C—C"—1,

one can show that C/Z -1+ Z - 7 is biholomorphic to C*/s% for the complex parameter
s = exp(2miT). The upshot of this approach is that there are many discrete subgroups of
(K*, x) for a non-Archimedean field K, and in fact, there is at least an analytic uniformi-

sation of Tate curves:

Theorem 6.1.14. Let K be a field complete with respect to a discrete valuation v. Let
q € K* be a parameter with v(q) > 0 and denote by E,/K the corresponding Tate curve.
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Let K be an algebraic closure of K and set G = Gal(K/K). Then there is a surjective

group homomorphism:

¢: K" — Eq(K)§

(X(u, ), Y (u,q)) uéq®

e u € g%

U —

where X and Y are convergent power series (with respect to the unique extension of v to
K) foru ¢ ¢* given by:

= (1—q"u)?
Y (u,q) = Z; (1<zn§2u)3 +51(q)

The kernel of this homomorphism is ¢* and, moreover, it is G -equivariant.

Proof. See [Si194, V, Theorem 3.1]. O

This perspective makes it very easy to understand the torsion subgroups E,[m](K)
as Galois modules. Indeed, given a point x € K* we write [z] € K*/q* for its image in the

quotient. Then it is clear that the m-torsion subgroup is given by:

where ¢, € K is a primitive m-th root of unity and q% is an m-th root of ¢q. As the

uniformisation map is Gx-equivariant, we have the following:

Proposition 6.1.15. Let K be a field complete with respect to a discrete valuation v. Let
q € K* be a parameter with v(q) > 0 and denote by E,/K the corresponding Tate curve.
Let K be an algebraic closure of K and set Gx = Gal(K /K). Suppose that m > 0 is an

integer. Then there is an exact sequence of Galois modules:
0 — pm(K) — E,jm|(K) — Z/mZ — 0.

Moreover, the above sequence splits if and only if qi e K.
Proof. See [Ser97, A.1.2]. O

Recall that isogenous abelian varieties share the same reduction type. Isogenies
between Tate curves can be read off easily from their uniformisations. We say that two

Tate parameters q,q € K* are multiplicatively associated if there exist positive integers
A, B > 0 such that:



Theorem 6.1.16. Let K be a field complete with respect to a discrete valuation v. Suppose
that q,q' € K* are parameters with v(q),v(q") > 0. Then the corresponding Tate curves

are isogenous if and only if ¢ and ¢’ are multiplicatively associated.
Proof. See [Ser97, A.1.4 Theorem)]. O

Again, this statement can be seen more clearly by working with uniformisations.
Let E, be a Tate curve and A > 0 an integer. Then the multiplication by A map admits
a factorisation:
[A] 1 By — B0 — Ey;

which on uniformisations corresponds to:
K*/¢* — K*[q"* — K*/¢*;

where the first morphism is induced by = — z* on K* and the second is induced by the
identity. This describes an isogeny FE, — Ea.

6.2 Semistable reduction and Grothendieck’s orthog-

onality theorem

We describe the Semistable Reduction Theorem for abelian varieties as proved by Grothendieck
[SGA7|. Grothendieck goes further to prove an analogue of the Néron-Ogg-Shafaverich to
determine when an abelian variety over a local field has semistable reduction in terms of the
action of inertia on the l-adic Tate module [ibid.]. Much of the exposition of Grothendieck’s

orthogonality theorem and semistable reduction criterion has been taken from |[Con22.

6.2.1 Semistable reduction theorem
Let k be an algebraically closed field. A semiabelian variety A/k is a connected k-group
scheme that fits into an exact sequence:

1—T—A—B—0;

where T is a torus i.e. admits an isomorphism 7" = G; , for some r > 0 and B is an abelian

variety. This motivates the following definition:

Definition 6.2.1. Let R be a DVR with algebraically closed residue field k£ and fraction
field K. We say that an abelian variety A/ K has semistable reduction if <77 is a semiabelian
variety where o7 /R is the Néron model of A and .7 C @7, is the connected component of
the identity:.
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In this case, we denote by ® = o7, /<2 the group of connected components. Note

that ® is finite étale even when k has positive characteristic.

Example 6.2.2. An elliptic curve E/K has semistable reduction if and only if it has
reduction type Iy for N > 0. Let &/R denote the Néron model of E and suppose that

N > 0. Then &7 = G, and there is a split exact sequence:
1 — Gy — & —Z/NZ—0

Let R be a discrete valuation ring with residue field k and fraction field K. Suppose
that A/K is an abelian variety. We say that A has potentially good reduction (resp.
potentially semistable reduction) if there exists a finite separable extension K’ O K such

that Ax has good reduction (resp. semistable reduction).

Theorem 6.2.3 (Semistable Reduction Theorem). Let R be a discrete valuation ring with
residue field k and fraction field K. Suppose that AJ/K is an abelian variety. Then A/K

has potentially semistable reduction.
Proof. |SGAT7, Théoreme 3.6, p. 351] O]

Proposition 6.2.4. Let f : A — B be an isogeny of abelian varieties over a local field K .

Then A has semistable reduction if and only if B has semistable reduction.
Proof. See |[Con22, Prop. 4.1] O

Remark 6.2.5. The formation of the Néron model 7 /R of A/K has a nice compatibility
with étale base change [BLR-12, Prop. 2 (c) p. 13]. Namely, let R C R’ be a flat, unramified
extension. Let K C K’ be the corresponding extension of fraction fields. Then the Néron
model of Ag is given by o7g. In particular, if A does not acquire semistable reduction
over K, then the extension K'/K from the Semistable Reduction Theorem is necessarily

ramified.

6.2.2 Grothendieck’s orthogonality theorem

In analogy to the Néron-Ogg-Shafarevich criterion (cf. Thm. [3.7.1), there is an inertial
criterion on the [-adic Tate modules for determining when A has semistable reduction due
to Grothendieck. Suppose that A has semistable reduction and let <7 /R denote the Néron

model. Then there is an exact sequence of k-group schemes:
1 —T1T— o — B—0;

where 7' is a torus and B is an abelian variety. Write h = dim(B) and r = rank(7") so that,

if g = dim(A), then g = h+r. Let n > 0 be an integer and consider the multiplication-by-n
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morphism:

n]y : o — o

We would like to apply our study of finite flat group schemes to the kernel «7[n] but
unfortunately, if A has bad reduction, then in general [n]. fails to be finite. An easy way
to see this is the following criterion of Deligne |Del-Rap72, Lemme 1.19]. Recall that a
morphism of schemes f : X — S is quasi-finite if it is locally of finite type and every fibre
f7Y(s) of a closed point s € S is a finite set.

Lemma 6.2.6. Let f : X — S be a quasi-finite, separated, flat morphism. If the rank of
the fibres of f is constant, then it is finite.

By the semiabelian hypothesis, [n]., is flat and quasi-finite. However, in general, the
rank of .27 [n| will be lower than that of the generic fibre A[n|. Indeed, by the exact sequence

above, the rank of /°[n] is n"*2"

whereas the rank of A[n] is of course n?9 = n?" 2" Thus,
as ® is a finite étale group scheme, if n does not divide the rank of ®, then the rank of

2/ n| drops after specialisation, and so 27 [n| is not finite.

Example 6.2.7. Let E//K be an elliptic curve with Iy-reduction and let &/R be the
Néron model. Let n > 0 be an integer. Then &[n] is finite if and only if n | N. Indeed if
ged(N,n) = 1 then it is easy to see that & [n] = G,, x[n| is of rank n, whereas the rank of

E[n] is n?.

The upshot of this is that there is always a largest finite subscheme <7 [n|; C o7 [n]

which is in fact a subgroup. This is essentially a consequence of Zariski’s Main Theorem:

Theorem 6.2.8 (Zariski’s Main Theorem). Let f : X — S be a quasi-finite, separated

morphism of noetherian schemes. Then there is a factorisation:

X / s S
X

into an open immersion j : X < X into some finite S-scheme X .

Proof. See [EGA| IV, 8.12.6]. O

Corollary 6.2.9. Let f: X — Spec(R) be a quasi-finite, separated morphism where R is

a henselian local ring with residue field k. Then there is a unique decomposition:
X =X; X’

where Xy — Spec(R) is finite and (X')y = 0. Moreover, the assignment X — Xy is
functorial and commutes with products. In particular, if X is an R-group scheme then Xy

1s a subgroup scheme.
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Proof. We sketch the construction of Xy. See [Con22, Thm. 4.10] for the uniqueness,

functoriality and compatibility with products. By Zariski’s main theorem there is diagram:

> Spec(R)

\/

where X < X is an open immersion into a finite R-scheme. As R is henselian, there is a
decomposition X = | |, Spec(R;) where R; are finite, local R-algebras. Thus we may write
X = |, X; where either X; = Spec(R;) or (X;); = 0. We then set X to be the disjoint

union of the former components, and X’ to be the disjoint union of the latter. O

Let &/ [n]; C </[n] denote the finite part of the n-torsion of the Néron model 7.
As noted, this is a finite flat R-group scheme.

Remark 6.2.10. Suppose that R is a complete DVR with algebraically closured residue field
k of characteristic p > 0 and let K denote the fraction field of R with algebraic closure
K. Suppose that n is coprime to p. Then /[n]; is a finite flat étale group scheme. As
k is algebraically closed, < [n]; is a constant R-group scheme. By construction of the
‘finite part” we have that o/[n]f(R) = </[n|(R) and so by the Néron Mapping Property
A n);(K) = on)(K) = o[n)](K)%. Thus, we see that o/ [n]; is the ‘inertial fixed part’
of o/ [n].

Let @ [n]; := Im(T'[n] — /2[n]) denote the toric part of the torsion. We have the

following filtration of k-group schemes:

As [n]; is a multiplicative group scheme and @7[n]} is the connected component, this

filtration lifts uniquely to R:
[n]e € An]; © o nly

(cf. Def.[3.2.19)). Taking the limit of the above over [" for n > 0 on K-points, we obtain the
corresponding filtration for [-adic Tate modules. This forms the context for Grothendieck’s

inertial criterion on semistable reduction:

Lemma 6.2.11. Let R be a henselian DVR with fraction field K of characteristic 0 and
residue field k of characteristic p > 0. Let A/K be an abelian variety with semistable
reduction and </ | R its Néron model. Let | # p be a prime. Then there is a filtration of

Gk -equivariant Z;-submodules:



Moreover, T)(A)'s = T)(A); where Ix C Gk is the inertia subgroup.

This follows from Remark [6.2.10l Let A" denote the dual abelian variety. Then
AY also has semistable reduction (cf. Prop. and there is an analogous filtration of
T)(AY). Let:
e TH(A) x THAY) — Zy(1)

denote the [-adic Weil pairing.

Theorem 6.2.12 (Orthogonality theorem). Let R be a henselian DVR with fraction field
K of characteristic 0 and residue field k of characteristic p > 0. Let A/K be an abelian
variety and </ /R its Néron model. Let | # p be a prime. If A has semistable reduction
then, under the l-adic Weil pairing, the orthogonal complement of T;(A)¢ is T)(AY);. In

particular, we may pick a complement:
Ti(A) =Ti(A) s U

as Z;-modules. Then U = T)(A)/Ti(A)y is Cartier dual to T)(AY); and so both U and

Ti(A)s are Ik-trivial modules.
Proof. See [SGAT, Exp. IX, 2.4, 5.2]. O

Thus, if we pick a Z;-basis of Tj(A); and extend it to T;(A), then the image of
the inertia representation ppe : Ix —> Aut(7;(A)) = GLyy(Z;) is represented by block

matrices of the form:
1 x*

01

In particular, for each o0 € Ix we have that (0 — 1)?> = 0 i.e. the representation pj is

unipotent of height at most 2. Like the Néron-Ogg-Shafarevich criterion, the converse also
holds:

Theorem 6.2.13 (Inertial criterion for semistable reduction). Let R be a henselian DVR
with fraction field K of characteristic 0 and residue field k of characteristic p > 0. Let
A/K be an abelian variety and [ # p be a prime. Then A has semistable reduction if and
only if the inertia group Ix acts unipotently of height at most 2 on T;(A).

Proof. See [SGAT, Exp. IX, 3.5]. O

Let K be a complete local field of characteristic 0 and residue characteristic p > 0.
Recall that if E/K is an elliptic curve with multiplicative reduction then it is isomorphic

to a Tate curve, for each n > 0, the {"-torsion is given by the exact sequence:

0 — up(K) — EJJI"(K) — Z/1"Z — 0
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(cf. Prop. [6.1.15)). If I # p, then we see that Iy acts trivially on s (K) and so the

representation on 7Tj(E) is indeed unipotent of height at most 2.

6.2.3 Deligne-Rapoport generalised elliptic curves

For completeness, we introduce Deligne and Rapoport’s notion of generalised elliptic curves

[Del-Rap72].

Definition 6.2.14. Let S be a connected scheme. A stable genus 1 curve over S is a

morphism f : € — S with each geometric fibre a proper, smooth and connected curve of
genus 1, or a Néron polygon (cf. Def. [6.1.10)).

Let C' = Py be the Néron N-gon over an algebraically closed field k. Recall that
the normalisation is given by C' = Pl X Z/NZ and the non-singular locus of C' is given by
C*8 = G, X Z/NZ. There is a natural action:

C™E x C — C;
((2,2), (w, 7)) — (- w,i +j)

that descends to a well-defined action C*™& x C' — C.

Definition 6.2.15. Let S be a connected scheme. A generalised elliptic curve over S is a
triple (¢, +, e) where f : 4 — S is a stable genus 1 curve, + : %™ X ¥ — % a morphism
and e : S — € a section satisfying:

i) The restriction of + to €*°® makes ¢"°® an S-group scheme with identity section e.
ii) The morphism + defines an S-group scheme action.

iii) For each geometric point § € S such that % is singular, the action + over § acts
by rotations on the dual graph T'(¢%) (i.e. the graph whose vertices correspond to

components of €5 and whose edges correspond to intersections of components).

Let (¢, +,¢e) be a generalised elliptic curve over S and let § be a closed point with
residue field k. Note that the multiplication map [n] : €™ — €™ is flat over S, but
not in general finite by Lemma [6.2.6] Suppose that C' = %5 is a Néron N-gon. Then,
given an integer n > 0 we have that C™8[n] = pu, x Z/ged(n, N)Z. In view of Deligne’s
characterisation of finiteness (cf. Lemma [6.2.6]), we have the following easy Corollary:

Corollary 6.2.16. Let f : € — S be a generalised elliptic curve over S and let n > 0 be
an integer. Suppose that for each geometric point s € S, we have that €5 is non-singular,

or a Néron N-gon with n | N. Then €°™[n] is a finite flat S-group scheme with rank n?.
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Chapter 7
Logarithmic geometry

Logarithmic geometry was introduced by Fontaine and Illusie with the idea of studying
crystalline cohomology in semistable families, however, Kato was responsible for putting
many of the ideas in a concrete and general framework |[K.Kat19]. Our main references for
the study of logarithmic geometry will be |Grll], [Ogl8] and |[K.Kat94].

Let k£ be an algebraically closed field and X a variety over k of dimension n. If X is
non-singular, then for each closed point p € X we have that Ox, is regular i.e. there exists
local coordinates t1, ..,t, € Ox, that generate the maximal ideal my ,. We can equivalently

characterise when X is singular in terms of the sheaf of Kéahler differentials:

Theorem 7.0.1. Let X be a variety over an algebraically closed field k. Then X is non-
singular if and only if the sheaf of (relative) Kdhler differentials Qx i, is locally free of rank
n = dim(X).

Proof. See |[Har13, Theorem 8.15]. O

When X is singular, the sheaf of differential forms Q7 Ik fails to be locally free of
constant rank. However, there is an important class of singularities called strict normal

crossings which allow for a well-defined notion of logarithmic forms.

Definition 7.0.2. Let X be a non-singular variety over an algebraically closed field k. Let
D be a reduced, Cartier divisor. We say that D has strict normal crossings or is a strict
normal crossings divisor, if for some regular local coordinates xq, ..., x, of X, D is given

by the equation z; - ... - x, = 0 for some 1 < r < n.

Suppose that char(k) = 0 and that X is non-singular and quasi-projective. Then,
taking the closure in some projective space, we obtain a projective variety X with (possibly
non-empty) singular locus supported within a proper subvariety Z = X\ X. The relevance
of strict normal crossings is seen by (the weak version of) Hironaka’s theorem. Namely,
there is a resolution of singularities 7 : X — X centred in D such that 7—(Z) is a strict

normal crossings divisor [Bog-Pan96|.
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So assume that X is non-singular, X is projective, D = X \ X is a strict normal
crossings divisor and let i : X < X denote the open immersion given by inclusion. We
define the sheaf of log differentials Q}{(log D) C Q% to be the subsheaf locally generated

by differentials of the form:

dx dzx,
1,..., ,dl’r+1,...,dl’n
T Ty

where x1, ..., x, are regular local coordinates and n = dim(X). The differentials of the

form 4
X

are referred to as logarithmic forms or forms with at worst logarithmic poles,

where a hypothetical ‘log’ regular function log(z;) would have differential d(log(z;)) = %

i

Importantly, the sheaf of log differential forms can be used to give information about the
open subscheme X. For example, Deligne was able to compute the (singular) cohomology
groups of a quasi-projective variety X/C by working with log differential forms on the
projective variety X:

H(X, Q% (log D)) = H'(X,C)

where Q% (log D) = A\* Q% (log D) and H’ denotes hypercohomology [Del06]. Let S be a
connected scheme. More generally, a morphism of schemes f : 2 — S of locally finite
presentation is smooth if and only if it is flat and the sheaf of relative differentials 2}, /g 18
locally free of rank equal to the relative dimension of X/S [EGA, IV, 16.10.2]. Informally,
a flat family of non-singular schemes will give rise to a smooth morphism. Working over
an algebraically closed field k, suppose that f is a morphism of k-schemes, and that S is
a non-singular, geometrically connected and dimension one scheme. Suppose additionally
that, for a fixed closed point 0 € S, the fibre Zy C % is a strict normal crossings divisor,
and that for every closed point s # 0 we have that 2 is non-singular. Recall that there
is an exact sequence:

[Har13| Prop. 8.11]. We define the sheaf of relative log differentials of f: % — S by:

QY s(log 20) = Uy i (log 20)/ f* Qs (log {0}).

Importantly, even though f fails to be smooth and so 2, /s cannot be free of rank
dim(Z") — 1, one can check that the sheaf of relative log differentials satisfies this property.
Let j : 2y — 2 denote the natural closed immersion. Then moreover, the pullback
j*Q}%/S(log Zo) is a locally free sheaf of rank dim(Zy) even though Zj is singular. As
we will see, 2y is a log smooth scheme (in an appropriate sense), allowing one to make

analogous statements about 2 that would hold for a smooth scheme.

Both of these examples can be viewed in the framework of Iitaka’s philosophy; that
any statement about a smooth variety X involving the sheaf of differentials Q% should

find its counterpart for pairs (X, D) where X is a smooth variety and D a strict normal
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crossings divisor using the sheaf of log differentials Q% (log D) [Mat13, p. 110].

7.1 Toric geometry and monoids

7.1.1 Toric geometry

Kato’s original definition of a logarithmic scheme was one that is étale-locally toric. For
this statement to be well defined, one needs a notion of toric scheme which does not
depend on a base ring. We first discuss toric varieties over an algebraically closed field k of
characteristic 0. We can then generalise from toric varieties over k to toric schemes. Our

main reference will be [Ful93] with some auxiliary results from [CLS-24].

Definition 7.1.1. Let k be an algebraically closed field of characteristic 0. A toric variety
X is a normal variety with a dense open subset 7' C X isomorphic to a torus 7" = G

such that multiplication 7" x T' — T extends to an action:
TxX— X.

Note that all toric varieties are rational, the simplest examples being G;, , C AL C

P}. Consider the character lattice of 7"

M = Hom(G}, ., Gy x)-

mk>
This is a free abelian group of rank r. Dually, we have the lattice of 1-parameter subgroups:
N = Hom(G, 1, G, 1)-
These lattices are dual under the perfect bilinear pairing:
(—,—): M x N —Z where (x,A\)=x(A(1)).

Definition 7.1.2. Let M be a lattice of rank r, N = Homz(M,Z) the dual lattice and
(—,—) : MxN — Z the bilinear pairing (v, u) = u(v). Let Mgr = M®zR and Ng = N®zR.

A cone 0 C Ng is any subset of the form:
o = Cone(uy, ..., us) = {ajus + ... + asu, | a,...,as > 0}

for a finite subset {uq,...,us} € Nr. Any such subset that produces the same cone is a
generating set. We say that o is rational if there exists a generating set of lattice points in

N. Note that (—, —) extends uniquely to Mg x Ng. The dual cone o¥ C Ny is given by:

0 ={ve Mg| (v,u) >0foralueoc}.
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Given v € ¢, we define the supporting hyperplane H, to be the orthogonal comple-
ment:
H, = (v)* = {u € Ng | (v,u) = 0}.

A face 7 of o is the intersection 7 = H, N o of ¢ with a supporting hyperplane. We
use the symbol 7 =< o to denote a face. We say that o is strongly convex if {0} < o.
Let ey, ...,e, € M be a Z-basis. Write k[M| for the polynomial algebra generated by the

characters x for m € M, over k, with the relation:

for each m, m’ € M. Then if t; = x* it is clear that k[M] = k[t{', ..., t*!]. Similarly, given
a rational cone o C Ng we can associate a k-algebra k[o¥ N M]. Importantly, for a strictly

convex rational cone, this is a finitely generated k-algebra:

Lemma 7.1.3 (Gordon’s lemma). Let M be a lattice of finite rank with dual lattice N.
Suppose that o C Ng is a strictly convezr rational polyhedral cone. Then the k-algebra
koY N M] is finitely generated.

Proof. See [Ful93, p. 18 Prop. 1]. O

Definition 7.1.4. Let k be an algebraically closed field. An affine toric variety X, is the
spectrum of a k-algebra k[o¥ N M| where o C Ny is a strictly convex rational polyhedral
cone, M is a lattice of finite rank and N = MV is the dual lattice.

Gordon’s lemma ensures that X, is a finite type k-scheme. Note that, if 7 < o
is a face corresponding to the supporting hyperplane H, for v € ¢, then we obtain the
expression:

klT¥ N M]=k[c"NM]+N-(-v)

and X is the localisation of x” in X, ; in particular, it is open [Ful93 p. 18 Lemma]. Thus,
if o is strongly convex then {0} < ¢ and we obtain a torus embedding G}, , — X,.
Constructing toric varieties from fans

Of course, one would like to define toric varieties that aren’t necessarily affine, still using
combinatorial data. This requires a way to ‘glue’ affine toric varieties, such that the result

is still toric.

Definition 7.1.5. Let N be a lattice. A fan ¥ in N is a collection of strongly convex

rational polyhedral cones ¢ in Ny satisfying the following:
i) Any face 7 < o lies in X.

ii) If 01,09 € ¥ then oy N oy is a face of both.
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To every fan ¥ in a lattice N, we can associate a normal toric variety Xy. Specifi-
cally, for each o € ¥ we have an affine toric variety X,. Then, Xy is the scheme obtained
by gluing each pair of affine schemes X,, and X,, by noting that o, N o is a face of both

o1 and o9 and so we glue along the open subscheme X, n,,.

Suppose that N7 and N, are lattices and T is a lattice homomorphism T : N; — Ns
(i.e. a Z-linear map). Let ¥; and 35 be fans in N; and Nj respectively. We say that T is

a morphism of fans if, for all o1 € 3, there exists oy € ¥y such that Tr(o;) C o9 where:
TR : MR — NR

is the induced R-linear map. Let Xy, and Xy, denote the corresponding toric varieties.

Then there is an induced morphism:
f : le — XEz;

where the restriction Tg : 07 — 09 corresponds to a morphism of k-algebras kloy N M| —
k[oy N M;] which in turn corresponds to a morphism of affine schemes X,, — X,,. One can
check that these morphisms glue compatibly. On the other hand, there is another special
class of morphisms f : X; — X, of toric varieties. Let T7 and T5 denote the respective tori
of X; and X5. We say that a morphism f : X7 — X is torus equivariant if it fits into the

following commutative diagram:

T1><X1—>X1

flry Xfl lf

TQXX2—>X2

where the horizontal arrows are given by the respective torus actions. In other words, f is

compatible with the torus actions of X; and X5.

Lemma 7.1.6. Let 31 and X9 be fans in lattices N1 and Ny respectively, and let Xy, and
Xy, denote the corresponding toric varieties. Then a morphism [ : Xy, — Xy, is torus

equivariant if and only if it is induced by a morphism of fans 31 — Y.
Proof. See |CLS-24], Prop. 1.3.14]. O

Such a morphism of toric varieties will be referred to as a toric morphism.

Toric surface singularities

Let N = Z? with basis ey, es. Let X, /k be an affine toric surface given by a cone o C R,

After a change of basis, we may assume o is of the form:

o = Cone(ey, re; — aey) C R?;
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where 0 < a < r are coprime |[CLS-24, Prop. 10.1.1]. Write u; = ey and uy = re; — aes
and let N’ C N be the sublattice generated by these lattice point. Note that:

N' =Zey @ Z(re; — aey) = rZe; & Zeo

so that the quotient is given by G = N/N' =2 Z/rZ. Let M be the dual lattice of N and
e} and e; the corresponding dual basis. Then the dual lattice M’ of N’ is given by:

1
M C M = =Ze @ Ze;,.
r
The inclusion of lattices N’ < N induces a morphism of affine toric varieties:
f : A7 = Spec(k[M']) — Spec(k[c¥ N M]) = X,.

Write U = x+“ and Y = X% so that uf = ley and uy = % + ¢ and k[M'] =
k[U,U*Y] = k[U, V] by setting V = U®Y. On the other hand, setting X = x*1 = U" we
have that:

KoV nM] =k XY

where 0 < j < Zi. So we see that ko N M] = k[U,V]® where the group G = p, acts
on k[U, V] by (. - (U, V) = ((U,(*V) and the morphism f is induced by the inclusion
kU, V]S C k[U,V]. Overall, X, = A}/p, is the cyclic quotient singularity 1(1,a) in the
notation of [Reil2| and we have proved the following:

Proposition 7.1.7. Let X be a normal toric surface. Then X has at worst cyclic quotient

singularities.

Example 7.1.8. Consider the case a = r — 1. Then the invariant polynomial ring is given
by:
kU VI = kU™, V", UV].

Setting X =U", Y = V" and Z = UV we can write this quotient as follows:

I

A? — Spec (—HX’ Y. Z] )

(XY — Z7)
(U, V) —s (U, V", UV).

Resolution of toric singularities

Let N be a lattice and o C Ny a strongly convex rational polyhedral cone. Let X, denote
the corresponding affine toric variety. Suppose that o spans Ng in the sense that there
exists a generating set for o which is a basis of Ng. Then there exists a unique toric fized

point x, € X,. Namely, if T' x X, — X, denotes the torus action, then x, is unique in
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satisfying z - x, = z, for all z € T |CLS-24, Prop. 1.3.2]. In fact, either X, is non-singular

or it has an isolated singularity at the unique toric fixed point x, € X,.

Definition 7.1.9. Let N be a lattice and X a fan. A refinement ¥’ of 3 is any morphism
of fans ¥’ — ¥ where the underlying morphism of lattices is the identity.

In other words, ¥ is a fan in N such that, for each cone ¢’ € ¥, there exists a cone
o € ¥ such that o/ C 0. Let f: X5y — Xy be the morphism induced by a refinement. As
f is induced by the identity on N, it restricts to the identity on the tori of Xy and Xy
and so f is birational and in particular a blow-up. We refer to any blow-up induced by a
refinement of fans as a toric blow-up. Note that, as f restricts to the identity on tori, a
toric blow-up is centred in torus fixed points. It is well known that any singularity of a
projective variety (over an algebraically closed field of characteristic 0) can be resolved by
a sequence of blow-ups. In fact, one can show that singularities on toric varieties can be

resolved by toric blow-ups:

Proposition 7.1.10. Let X be a normal toric variety. Then there exists a desingularisa-

tion X — X given by a toric blow-up. In particular, X is a toric variety.
Proof. See [Ful93, p. 48 Prop.]. ]

Example 7.1.11. Let X, denote the cyclic quotient singularity from Example|7.1.8, The
refinement Y of the single cone o to resolve the singularity is given by inserting the rays

generated by the (primitive) lattice points:
up=(0,1) w=(1,0) ... wy=000—-0G—-1) .. u.=(r,—(r—1)).

Note that X5, = Xy U ... U X, where each X,/ & A? as each pair {u;, u;,1} generate the
lattice N. One may verify that this subdivision agrees with the resolution of singularities
detailed in [Reil2].

7.1.2 Monoids

Definition 7.1.12. A (commutative) monoid is a triple (P, +,0) where:
+:PxXxP—P

is a (commutative) associative binary operation with neutral element 0 € P.

Example 7.1.13. i) Let R be a commutative unital ring. Then R* is a monoid under

multiplication.

ii) For any integer r > 0, N" is a monoid under addition (where by convention we take
0 € N).
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iii) Let M be a free abelian group of finite rank and N = Homz(M, Z) the dual lattice.
Write Mgr = M ®z R, Nr = N ®z R and (—,—) : Mg X Ng — R for the standard
bilinear pairing. Suppose that ¢ C Mg is a strictly convex rational polyhedral cone

with dual cone:
0 ={n e Ng|(n,m) >0}

We say P, = ¢V N N is the monoid associated to o.

A homomorphism f : P — @ of monoids satisfies f(0p) = 0g and f(z +y) =
f(z)+ f(y) for all z,y € P. We say that P is finitely generated if there exists a surjective
homomorphism N” — P for some r > 0. The Grothendieck group of P is the abelian group:

P® =P x P/~

with addition given coordinate-wise and where (z,2') ~ (y,v’) if and only if, for some
element z € P we have z + .+ 2’ = z+y +y. Let P — P2 be the natural map
x +— (x,0). We say that P is integral if this is an injective map. We say that P is saturated
if additionally, whenever x € P*®P and there exists n > 0 such that nz € P, then we have

x € P also.

Definition 7.1.14. Let P be an integral monoid and take P C P*P to be the inclusion.
We define the saturation P of P to be:

P = {x € P® | nz € P for some n > 0}.

Finally, we say that P is torsion-free if P®P is a torsion free group.

Definition 7.1.15. A monoid P is fine if it is finitely generated and integral. We say that
P is toric if it is fine, saturated and torsion-free; in particular P®P is a free abelian group

of finite rank.

Let N be a lattice, M its dual and ¢ C Ng a strictly convex rational polyhedral
cone. Note that the associated monoid P, = ¢¥ N M is indeed toric. It is finitely generated

by Gordon’s lemma and P*P = M so it is saturated by construction.

Lemma 7.1.16. Let P be a toric monoid. Then there exists a strongly convex rational
polyhedral cone o C Ngr such that P = P, where M = P®P is a lattice and N 1its dual.

Let P be toric and take M = P2P. We define:
c'={ x| ANeR, xe M} C M.
Then, letting N be the dual lattice and (—, —) the standard pairing, we set:

o ={u€ Ng | (u,v) > 0for allv € 0"}.
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P being saturated is equivalent to the fact that P = ¢¥ N M.

7.1.3 The étale topology

We are almost ready to define the category of logarithmic schemes. Of significant impor-
tance will be the category of fine saturated log schemes which will be modeled on the affine
schemes Spec(R[P]) where P is a fine saturated monoid and R is a base ring. However, if a
scheme X is affine-locally isomorphic to such a scheme, then this is already too restrictive
a definition. For example, if P is a toric monoid and R is an algebraically closed field of

characteristic 0, then X will be rational.

To rectify this, we work in the étale site X¢ where a fine saturated log scheme will
only be étale-locally isomorphic to an affine scheme Spec(R[P]). Again, if we restrict our
attention to k algebraically closed of characteristic 0 and P a toric monoid, then every
smooth variety is étale-locally isomorphic to A}, and is a fine saturated log scheme in an

appropriate sense.

Definition 7.1.17. Let & be a category. A Grothendieck topology on € is the data of a
set of families of morphisms (U; — U);e; for each object U € € called the coverings of U
satisfying:

i) For any covering (U; — U);e; and morphism V' — U in ¥, the fibre products
Vi =V xy U; exist in € and (V; — V);cs is a covering of V.

ii) If (U; — U);er is a covering of U, and if for each ¢ € I we have a covering (V;; —
U;)jes; of U, then (V;; — U),; is also a covering of U.

iii) For any U € € the family (U N ) consisting of the identity is a covering.
A category € endowed with a Grothendieck topology will be referred to as a site.

Example 7.1.18. i) Let X be a scheme. The Zariski site is the category Top(X) of
open subschemes U C X with morphisms given by inclusions. A covering of U C X
is a family of open immersions (j; : U; = U);er such that U = (J,.; 7:(U;) i.e. the

family is surjective.

ii) The étale site has underlying category Et/X consisting of étale morphisms U — X.
The coverings are the families of étale morphisms (U; — U) that are surjective in

the same sense as the Zariski site.

A presheaf of sets on a category ¥ with a Grothendieck topology is a functor:

F P — Set
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We say that a presheaf .# is a sheaf if for every covering (U; — U);cr the sequence:

FU) = 1[7w)= 1] ZWUxu Uy

iel (4,5)eIxI

is exact. A morphism of (pre-)sheaves is simply a natural transformation of contravariant
functors. Let X be a scheme. Recall that a geometric point ¥ — X is the induced
morphism given by a choice of algebraic closure k of the residue field x(x) of a point

x € X. We say that an étale cover ¢ : U — X is an étale neighbourhood of x if z € p(U).

Definition 7.1.19. Let X be a scheme and .% a presheaf on X¢. The stalk at a geometric
point * — X is:
Ty = lm F(U);

(U—X)

where the limit is taken over étale neighbourhoods of x € X.

7.2 Logarithmic geometry

7.2.1 Logarithmic schemes
Definition 7.2.1. A pre-log structure on a scheme X is a sheaf of monoids .#x on the
étale site X, along with a morphism of sheaves of monoids:

@X:%XﬁﬁX;

where Oy is a sheaf of monoids under multiplication. A pre-log structure is a log structure
if:

ax oy (0%) — 0%
is an isomorphism. A log scheme X' is a triple (X, #x,ax) where ax : #x — Ox is a

log structure on a scheme X.

A morphism of log schemes f : XT — YT is a morphism of schemes f : X — Y
along with a morphism of sheaves of monoids f# : f~'.#y — .#x such that the following
diagram:

f_lﬁy E— %X

I~ layl laX

1s commutative.

Example 7.2.2. i) If X is a scheme, we can always define the trivial log structure

where we take #x = 0% and ay is inclusion.

142



ii) Let X be a scheme and D C X an effective divisor. Let U = X \ D and j : U — X
denote the corresponding open immersion. We define the divisorial log structure on

X induced by D via the sheaf of monoids:

This is the sheaf of regular function on X which are invertible on U; clearly it is

closed under multiplication. We take ax to be inclusion.

iii) Let k be a field and X = Spec(k). Defining a sheaf of monoids on X is equivalent to

defining a monoid homomorphism:
P— k.

The standard log point is the log scheme given by the monoid homomorphism « :
k* @& N — k where:
a if n=0;
ala,n) =
0 otherwise.
As with the sheafification ' of a presheaf .# on a scheme X, one can always

minimally produce a log structure on X from a pre-log structure:

Definition 7.2.3. Let a : .#x — Ox be a pre-log structure on a scheme X. The log

structure associated to Mx is given by the sheaf of monoids:

Mx B O
{(m, ax(m)=1) | m € ax'(6%)}

My =
and the morphism of monoids:

MYy — Ox;
(m, f) — ax(m)f.
It is often easier in practice to describe a pre-log structure on a scheme. For example,

suppose that P is a monoid and P is the constant sheaf on a scheme X with stalk P. Then

we say that the pre-log structure P — Oy is a chart for the induced log structure on X.

Example 7.2.4. Let k be a field. Then the morphism of monoids N — & sending 0 — 1
and n +— 0 for n > 0 is a global chart for the standard log point.

Another important class of log structures are the pullback log structures. Given a
log scheme YT and a morphism of schemes f : X — Y, there is a natural way to induce a

log structure X' on X:
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Definition 7.2.5. Let f : X — Y be a morphism of schemes and ay : .#y — Oy a log
structure on Y. Then the pullback log structure on X is the log structure associated to the

pre-log structure:
[ ty) 25 17 (0y) s Ox

We denote this log structure by f*.#y .

Remark 7.2.6. Let R be a discrete valuation ring with residue field k. Let S = Spec(R)
and 0 € S the closed point corresponding to Spec(k). Then the divisorial log structure
corresponding to (5, {0}) is given by the global chart:

N — R;

n— .

The pullback log structure to the closed point Spec(k) then agrees with the global chart
in Ex. [[.2.4]

Definition 7.2.7. Let f : X7 — YT be a morphism of log schemes. We say that f is strict
if the pullback log structure f*.#y coincides with the log structure .#x on X.

We say a chart P — Oy is a global chart if the induced map of log schemes X —
Spec(Z[P])T is strict. Let P be a monoid and R a ring. We denote by R[P] the monoid
ring which is the polynomial algebra generated by P. We use the notation x™ to denote
the image of m € P under the natural map ¢ : P — R[P] and thus have the relation
X" x™ = ™™ for all m,m’ € P. We say that XT is an affine logarithmic R-scheme if
X = Spec(R[P)) for a monoid P, and ¢ is a global chart.

Example 7.2.8. Let k be an algebraically closed field and P = ¢ N M a toric monoid.
Then a global chart for the affine toric variety X, /k is given by the natural map:

P — k[PJ;

m—> X"

Let T C X, denote the torus and X, = X, \ T the toric boundary. Then in fact, the

divisorial log structure .#(x, ,) coincides with the log structure for this global chart.

Let XT = (X, .#x) be a log scheme. As ax : Mx — O is a log structure, 0% is a
submonoid of .#x. We denote by:

Mx = coker(ay' : OF — Mx)

the ghost sheaf of XT. Given a scheme X, there are many different choices for a log

structure and it is hard to make any meaningful statements about a generic log scheme
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without putting some constraints on the log structure. We say that X' is fine saturated
(fs) if étale-locally it admits a chart modeled on a fine saturated monoid. In fact, one may
take this monoid to be torsion free. This justifies the claim that logarithmic schemes are
étale-locally toric. For any fs log scheme X, there exists an étale cover by affine toric

Z-schemes Spec(Z[P]).

Definition 7.2.9. Let f : XT — YT be a morphism of fine log schemes. We say that f is

log smooth if étale-locally on X and Y there is a commutative diagram:

X —— Spec(Z[P])

| |

Y —— Spec(Z[Q))

satisfying the following conditions:
i) The horizontal maps induce charts P — Ox and @ — Oy for X T and YT respectively.

ii) The induced morphism:
X =Y X Spec(Z[Q]) Spec(Z[P])

is a smooth morphism of schemes.

iii) The vertical arrow on the right is induced by a monoid homomorphism ¢ — P with
ker(QQ8? — P*?P) and the torsion part of coker(@Q® — P#&P) both finite groups of

orders invertible in X.
A diagram as in the above definition is a chart for the morphism f: X7 — YT.

Example 7.2.10. i) Let f : X — S be a morphism of smooth schemes. Then if we
endow X and S with the trivial log structure and take P = () = 0 in the above, we

see that f becomes log smooth.

ii) Let k be a field and P a toric monoid. Set X = Spec(k[P]) with the toric log
structure and endow Y = Spec(k) with the trivial log structure. Taking @) = 0 in
the above definition, we see that XT — Spec(k)" becomes log smooth; even though

X may not be a nonsingular variety.

iii) Let f : 2 — A} be a flat morphism where 2 is regular, k is a field and for all
t # 0, the fibre Z; is a non-singular variety. Suppose further that 2 is a strict
normal crossings divisor so that étale-locally we may take 2" = {zy-... - x, =t} in
A" x Al. Taking P = N" and Q = N and defining the morphism of monoids Q — P
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by 1+ (1,...,1), we then obtain a chart for f by:

klzy, ..., xzn,t]

N* —
<I1'...‘$r—t>,

e, — T;

and N — k[t] by 1 + t. Then we can see that f : 27 — (AL)T is log smooth.
Moreover, we can endow f|z; : %T — Spec(k)" with the pullback log structure so
that Spec(k)' is the standard log point and %T is log smooth over this point even

though it has strict normal crossings singularities.

7.3 Log smooth curves, log differentials and log de-

formation theory

7.3.1 Log smooth curves

A log smooth curve is a log smooth integral morphism f : €T — ST of relative dimension
1.

Definition 7.3.1. Let R be a complete discrete valuation ring with algebraically closed
residue field k£ and 7 a uniformiser. By an R-curve we mean a flat morphism f : ¢ —
Spec(R) of relative dimension 1. Suppose that R has fraction field K and C' = %k is a
non-singular curve. We say that % has semistable reduction if, for at worst a finite set of

closed points x € €'(k), there exists an étale neighbourhood % — € of x given by:

for some integer e > 0. Otherwise, © € € (k) is a non-singular point and there is an étale

neighbourhood % — € of x given by:
U = Spec(R]t])

Importantly, there is a natural way of endowing a log structure on a semistable curve
f:% — S. First, we choose a log structure on the base ST by a chart o : Q — R. We have
an étale cover by the two types of charts above, and so need only define log structures on

each:

i) For the chart % = Spec(R][t]) — S we take the log structure induced by the following
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chart of monoids:

Q — R[t];

q— f*(o(q)).

ii) For the chart % = Spec ( Rls.] ) — S we take the following chart of monoids:

(st—me)

N? &y Q — Spec (M) ;
(st —me)

((a,b),q) — s“t* f*(o(q))

where the pushout of monoids is induced by the morphisms N — () sending 1 to an
element o € @ such that (o) = 7%, and the diagonal N — N2

Example 7.3.2. Suppose we take the chart N — R as in Remark sending 1 — =
so that the pullback log structure on Spec(k) gives the standard log point. Define the
monoids S, for e > 0 as the pushouts S, = N? @&y N induced by the diagonal N — N? and
the multiplication by e map N <% N. Then taking Q = N and o = e in (i) we obtain a
chart for the morphism f : % = Spec (@) — S.

st—me)

Let %0* denote the closed fibre Spec (kgéf]) with the pullback log structure. Of
course, without the log structure, the fibre %4 is independent of e, however, %T ‘remem-
bers’ that it sits in the family % via the monoid S.. Equivalently, one can note that S, is a
toric monoid and consider the corresponding toric variety X = Spec(k[S,]). In fact, this is
precisely the affine toric surface singularity %(1, e —1) considered in Prop. . Moreover,
it follows that the boundary divisor 0.X coincides with %4 and the toric logarithmic struc-
ture on 0X coincides with ?/OT. Alternatively phrased, % is étale-locally a cyclic quotient

singularity of type A._1, and the log scheme %OT ‘remembers’ the singularity of the family.

It turns out that any log smooth curve f : €T — ST is covered by charts of the form
(i), (ii) or the chart of a log marked point (iii):

Definition 7.3.3. Let R be a discrete valuation ring with residue field k£ and let @ — R be
a monoid homomorphism with ST = Spec(R)" the induced log scheme. A point z € €(k)
on a log R-curve f : €7 — ST is a log marked point if there is an étale neighbourhood
U — € of x given by % = Spec(R[t]) — S with chart:

N@ Q@ — Rt];
(n,q) —t" f*(o(q)).
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If f: 47 — STis alog curve and x € (k) is a log marked point then %} is non-

singular at z, but the pullback log structure of €' to x is a log point given by the monoid
Q — k.

Theorem 7.3.4. Let R be a discrete valuation ring with algebraically closed residue field.
Let S = Spec(R) and let f : €7 — ST be a log smooth curve. Then there is an étale
covering of [ by charts of the form (i) — (iit); where charts of the form (ii) — (iit) occur
over only a finite set of points of € (k).

Proof. See [F.Kat00, Theorem 1.3]. O

7.3.2 Logarithmic differentials

Definition 7.3.5. Let f: X — YT be a morphism of log schemes and & an €'x-module.
A log derivation of XT over YT with values in & is a pair (D, Dlog) where D : Ox — &
is a usual derivation and Dlog : .Z%" — & is a morphism of sheaves of abelian groups

satisfying:

i) For every local section m of .#x we have:

D(ax(m)) = ax(m) - Dlog(m).

ii) For every local section n of f~.#y we have Dlog(f#(n)) = 0.

Write Derxi/y+(&) for the sheaf of log derivations of f : Xt = YT with values in
&, and Oxt,y+ = Derxi,y+(0x). Roughly speaking, the sheaf .#x tells us which regular

functions we may apply Dlog to, and we ask that Dlog is trivial on the base.

Definition 7.3.6. Let f : XT — Y denote a morphism of log schemes. The sheaf of log
differentials is given by:

. W)y & (Ox @z MY)
QXT/W = 5%

where £ is the Ox-module generated by elements (d(ax(m)), —ax(m) ®@m) and (0,1 ®
f*(n)) for all m € #x and n € f~l.#4y. We obtain a log derivation taking values in

Q% )y via the natural maps:

d . ﬁX — Q‘lx/y — Qﬁ(T/YT; (71)
dlog . %A%p — ﬁX Xz %ip — Q}XT/YT' (72)
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Lemma 7.3.7. Let f : Xt = Y1 be a morphism of log schemes. The sheaf of log differen-
tials is universal in the sense that, for all Ox-modules & with a log derivation (D, Dlog),

there exists a unique morphism of Ox-modules ® : Q%/ST — & such that:
D=®o0d and Dlog= ® odlog.

In particular, we have:
@Xf/yf = j‘fomﬁx(ﬁﬁﬁ/sf, ﬁx)

Proof. See |Grll, Lemma 3.33]. O

Example 7.3.8. i) Let f : XT — YT be a log smooth morphism. Then Q;T/W is a

locally free sheaf on X.

ii) Let k& be an algebraically closed field, X/k a non-singular variety and D C X an
effective, strict normal crossings divisor. Suppose that we endow X with the divisorial

log structure .#x,py and Spec(k) with the trivial log structure. Then we have that:

Q_lXT/k = Qﬁ(/k(log D).

iii) Let R be a complete discrete valuation ring with algebraically closed residue field k.

Let Cl — Spec(k)" be the special fibre of a log smooth curve as in Thm. |7.3.4f We
0

can write:
CO - Z DZ
i

for the irreducible components which we assume to be reduced. Then, if x4, ...,x, €
D; are the closed points which are either nodes or log marked points, then we have
that:

n

Ocytlpi = Op, k(= > ).

j=1

In fact, if we, i, is the dualising sheaf, then we have an isomorphism:

Q =~ wep/k(s1 4 -+ Sp)

1
cl/kt
where s1, ..., s, € Cy are the log marked points [F.Kat00, Prop. 1.13].

Lemma 7.3.9. Given a morphism f: XT — Y1 of log schemes over ST there is a natural

morphism:
[ f*(Q%/T/sT) — Qﬁ(f/st

induced by the usual pullback on differential forms f*Q%,/S — Qi{/s and the morphism of
sheaves:
freft 0y ea) — Ox @ ML
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Proof. See |Grl1] Def. 3.35] O

7.3.3 Logarithmic deformation theory

Let k be an algebraically closed field and let fj : Xg — Spec(k)T be a log smooth variety.
Let R, be an artinian local ring with uniformiser 7 and residue field k. Suppose that
7™ # 0 but 7" - R, = 0 and denote by R, ; = R, /7. The study of log deformation
theory, in analogy to deformation theory of schemes, involves understanding when a log

smooth morphism Xg — Spec(k)t extends to a log smooth morphism X! — Spec(R,)'.

The key difference between deformation theory of schemes versus deformations of
log schemes is that log deformations are not necessarily locally trivial. In fact, a local lifting
is completely determined by choosing a log structure on Spec(R,,). This is illustrated by

the following proposition:

Proposition 7.3.10. Let fj : Xg — Spec(k)T be a log smooth affine variety, where Spec(k)t
is the standard log point. Given a fine log structure on Spec(R,), there is a unique up to

isomorphism (if it exists) log smooth lifting f, : X — Spec(R,)T.
Proof. See [Grll], Prop. 3.38]. O

On the other hand, as in the case of deformation of schemes, there is a cohomological
description of the obstruction to lifting a log smooth morphism f,_1 : Xl_l — Spec(R,, 1)t
to Spec(R,)! globally (given a choice of fine log structure), and the space of possible liftings

has a torsor description:

Proposition 7.3.11. Suppose fy : Xg — Spec(k)' is a log smooth variety. Suppose there
exists a log smooth deformation f, 1 : X71;71 — Spec(Rn,l)T. Given a log structure on R,

there exists an obstruction in H*(Xy, © ) that vanishes if and only if there ezists a log

X§ /Kt
smooth deformation f, : X! — Spec(R,)! extending fy. In this case, the set of log smooth

deformations is a torsor over H'(X,, @Xg/m).
Proof. See [Grll] Prop. 3.40]. O

In particular, log smooth curves are unobstructed. There is also an analogue of the
infinitesimal lifting criterion for log smooth morphisms due to F. Kato. We say that a
morphism of log schemes t : (1", .#r) — (T, #r) is an infinitesimal thickening of order at
most n if it is a strict, closed immersion and the corresponding ideal sheaf .# is nilpotent

with #"*1 = (.

Proposition 7.3.12 (Log smooth infinitesimal lifting criterion). Let f : (X, #x) —
(Y, Ay) be a morphism of fine log schemes, locally of finite presentation. Then f is log
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smooth if and only if it is infinitesimally log smooth, namely, for all diagrams of the form:

(T, M) —Z— (X, M)

o
tl _ 39 lf

(T, Mr) —5— (Y, My)

where t is a thickening of order at most 1, there exists a unique morphism of log schemes
g: (T, Mr) — (X, #x) such that the diagram commutes.

Proof. See |F.Kat96, Thm. 4.1]. O

7.3.4 Logarithmic geometry in positive characteristic

Let k be a perfect field of characteristic p > 0. Recall that, if X is a k-scheme then
we define the absolute Frobenius morphism Fyx : (X, Ox) — (X, Ox) as the identity on
topological spaces and the power-of-p map F# : Ox — Ox. If a : Mx — Oy is a log
structure on X, then we can define the absolute log Frobenius morphism Fyi : XT — XT

by defining F% : .#x — .#x to be the multiplication-by-p map.

Suppose that we endow Spec(k) with a log structure and X' is a kf-log scheme.
Similarly, one can define the log Frobenius twist (X)) of XT as the fibre product in the
category of log schemes:

(xXH® —— Xt

! l

Spec(k)t — Spec(k)t
Spec(k’)T

And by the universal property, the relative log Frobenius morphism Fxt it : Xt — (XT)®)
is the unique morphism of kf-log schemes induced by the absolute log Frobenius morphism
on XT.

Example 7.3.13. Let R be a discrete valuation ring of characteristic 0 with residue field

k, algebraically closed of characteristic p > 0. Consider the log smooth morphism:
R T
f: %" = Spec (M) — Spec(R)T
(zy —m)

with log structure defined in Example where 7 is a uniformiser of R. Let fy :
?/,: — Spec(k)" be the restriction to the special fibre with the pullback log structure.
Let go - (%))® — Spec(k)! denote the log Frobenius twist of %,. Then %, = %k(p ) as
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k-schemes, but the log structure on %k(p ) is now given by the pushout of monoids:

N2 &y N +—— N2

| [

N <——N

This is the monoid S, from Definition m (ii). Thus, if we consider the morphism of log
T
schemes 7T = Spec (%) — Spec(R)" with chart given by the above pushout, then

v—7P)

the restriction to the special fibre with the pullback log structure gives the log Frobenius

twist of 02/,;[. Moreover, the quotient map:

F.yt — yt.

(z,y) — (2", ")

with chart given by the unique morphism N2 @&y N — N%:

| s

provides a lifting of the relative log Frobenius morphism:
o] — v = (),

Let f : XT — Spec(k)' be a log smooth morphism where X /k is a variety, k is perfect
of characteristic p > 0, and the log structures are fine. Then the sheaf of log differentials
Qﬁﬁ/m is locally free of rank dim(X). Set Qgﬁ/m =N\ Q%ﬁ/m- The logarithmic de Rham

complex is given by the exterior derivatives:

d . Qi)(-r/kf — Q?Tl/kT;

which are defined uniquely by the first exterior derivative d : Ox — Q% /it A 1n Def. [7.3.6

and by constraining that:
i) d*w =0 for all sections w in Q% 43
ii) d(dlog(m)) = 0 for all sections m of .#;

i) dwAn)=dwAn+ (1) wAdpifwe Qgﬁ/m and n € Qgﬁ/kﬂ"
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It is not hard to see that d is still Oy)-linear as in [3.4.1, Moreover, there is a
natural extension of the Cartier operator/isomorphism to logarithmic differentials, the key

being that the Cartier operator is constant on differential forms with logarithmic poles.

Theorem 7.3.14. [Log Cartier isomorphism/ Let k be an algebraically closed field of char-
acteristic p > 0 and let XT/kT be a log smooth variety of dimension n. Then for 0 <i <n

we have an isomorphism of O ) -modules:
%XTl/m : QéXT)(p)/kT — A" ((FXT/M)*Q}TMO :

where, for a local section x of Ox (resp. m of ///X) we denote by xP) the corresponding

section of Oxw (resp. m® of Myw ), and €y}

Xkt 15 the unique ﬁ’)(?)—linear morphism

satisfying:

Gl (da®) = [P da] and Gy, (dlog(mP)) = dlog(m)

In fact, € defines a well defined isomorphism of graded Oy ) -algebras:

<t /Kt

XT/kT @szf O E— @%” ( FXT/kT Q}r/m) )

Proof. See |Ogl8, Prop. 4.1.1]. O

Suppose that CT — Spec(k)T is a log smooth curve without log marked points. Then
we may identify QlcT Ikt = weyr where weyy is the dualising sheaf. As in the smooth case,
we define the morphism of locally free sheaves of rank 1 on C® induced by the log Cartier
isomorphism on C' to be the log Cartier operator:

d t et
C (Fm/m)*wcm — COkef((FCT/m)*ﬁc — (FCT/kT)*WC/k> —Cﬂ% W) /-

7.3.5 Logarithmic blow-ups

There is a special class of blow-ups on fine saturated log schemes called logarithmic blow-
ups. Their construction can be considered the ‘coordinate-free’ analogue of a toric blow-
up. There is a more general notion of a fan of monoids, and a subdivision of a fan that
similarly produces logarithmic blow-ups from combinatorial data. Unlike a classical blow-
up, a logarithmic blow-up is a log smooth morphism, even though it is not flat (in general,

a log smooth morphism need not be flat).

Definition 7.3.15. Let P be a monoid. A subset I C Pis an ideal if [ - P C I. [is a
prime ideal if P\ I is a submonoid. Write Spec(P) for the set of all prime ideals of P.
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Note that () and P are trivially ideals of P. Suppose that I C P is non-trivial for a
fine saturated monoid P. Let (I) C Z[P] denote the ideal of the ring Z[P] generated by I.
We define the logarithmic blow-up of XT = Spec(Z[P])" with centre I to be the blow-up

map:
7: YT = Projy (@(I)”)T — Spec(Z[P))'.

We define the log structure on Y as follows. First note that Y has an open affine cover by:
Us = Spec(Z[F,]);

where a € [ and P, C P*®P is the submonoid generated by elements of the form 2 forbel.

In general, the canonical log structure on U, is not necessarily saturated so we take the

saturation U = Spec(Z[P5]) (Def. |7.1.14)) and use this to define the log structure on Y.

Definition 7.3.16. Let X' = (X, .#x) be a log scheme and .# C .#x an ideal sheaf (of
monoids). We say that 7 : YT — XT is the log blow-up of X1 with centre .7 if étale locally
on X there is a chart P — Ox by a fine saturated monoid such that YT is the pull-back:

Yt —— Projy (@)™

l |

XT ——— Spec(Z[P))T

where I = .#(Spec(Z[P])) and the saturated log structure on Projy (@(I)™)" is the one

defined above.

Remark 7.3.17. Let X be a scheme and .# C Oy a quasi-coherent ideal sheaf. Consider

the classical blow-up of X along the corresponding closed subscheme Z:

m:Y = Projy (@f”) — X.

n>0

One can show that the exceptional divisor 771(Z) C Y is a Cartier divisor. Indeed, over
an open affine U = Spec(A) where .#(U) = I C A we have that 7! (U) is covered by open

affines of the form: ;
U, = Spec (A {a}) ;

where a € I. In fact, 7 : ¥ — X is the minimal X-scheme such that 7—'(Z) is Cartier
[stacks-project, Lemma 31.32.5].

Analogously, if P is a finite saturated monoid we say that an ideal I C P is invertible
if it is generated by a single element. More generally, an ideal sheaf .¢ C .#x of a finite
saturated log scheme X1 = (X, .#x) is fractional if X is covered by charts P — Ox such
that .7 is locally invertible.
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By the étale-local construction above, it is not hard to see that if .# C .#x is an
ideal sheaf of a finite saturated log scheme X' = (X, .#x) then the ideal sheaf ¢ = .7 .y
of the log blow-up YT — X at .# is fractional. Similarly, the log blow-up of 7 : YT — XT
with centre .# is the minimal fine saturated log-scheme over X' such that .7 - .#y is
fractional [Niz06, Prop. 4.2].

Proposition 7.3.18. Let X' = (X, .#x) be a finite saturated log scheme and & C Mx
and ideal sheaf. Write : YT — X1 for the log blow-up of X1 at .#. Then 7 is log smooth.

Proof. The question is local on X' so we need only verify condition (iii) of Def. for

the natural monoid homomorphism:
P— P,

where P is a fine saturated monoid, I C P is a non-trivial ideal and P, is the submonoid
of P#P generated by some a € I. This is immediate as (P,)%? = PP O

We conclude our discussion on logarithmic blow-ups by noting that they generalise
toric blow-ups. The following can be found in [K.Kat94]. Recall that if N is a lattice, a
fan ¥ in N is a collection of strictly convex rational polyhedral cones ¢ C Ni such that
any face 7 of ¢ lies in ¥ and any intersection of cones o7 N oy in X is a face of both. From

a fan X, we can construct the log scheme X; by gluing the affine log schemes:
Xp, = Spec(Z[P,])

where P, = ¢V N M for the dual lattice M = NV with the induced log structure by the
monoids P,. Moreover, if > is a subdivison of ¥, then we obtain a morphism of log schemes
X;/ — X; by noting that, for a cone ¢’ € ¥/, there exists some cone ¢ € ¥ such that

o’ C 0 C Ng. This induces an epimorphism of monoids:
P, — P

giving a chart for the morphism.

Lemma 7.3.19. Let X' be a refinement of a fan ¥ in a lattice N. Then the resulting
morphism of log schemes:
x§, — X1

1s a logarithmic blow-up, and in particular is log smooth.

Proof. See |Niz06|, Theorem 4.7]. O
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Chapter 8

Extending Raynaud’s method to the
semistable case and methods from

log geometry

8.1 Extending Raynaud’s method to the semistable

case

We now return to the problem of Bogomolov-Fu-Tschinkel. Recall that we consider pairs
of standard double covers:

7TZ'2EZ'—>P1

1 = 1,2, defined over a number field L and wish to describe the cardinality of the intersec-
tion:
1 (B [oc]) N e (Ez[oc]).

As before, we can equivalently bound the torsion points of the abelian surface E; x FEj
that lie on the curve X = (m; X 7)1 (Ap1):

X (L) N (E1[oo] X Eafox]).

We would like to weaken Assumption to say something about this intersection when
the elliptic curves £ and Fs; have at worst multiplicative reduction (i.e. semistable reduc-
tion) at some finite place v of L over a prime p > 0. Let R be the maximally unramified
extension of 0y, constructed in Part II, and suppose that E/K is an elliptic curve with
semistable reduction. We will be interested in the models &, € and # of E defined below;

recall that when F has good reduction they coincide:

i) Let &/R be the Néron model of E/K. Recall that this is an R-group scheme satis-
fying &£(R) = E(K).
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ii) Let /R denote the minimal proper regular model of /K. Recall that if € /R
is the smooth locus over R, then this coincides with the Néron model. Note that
6 = Py is the standard Néron N-gon where N = —v(j(E)) when N > 0.

iii) Let %' /R denote the minimal Weierstrass model for £/K. This is the model of E
obtained by contracting the (—2)-curves of ¢’ /R. Thus, #} is the projective rational
curve with a single node. # is regular if and only if N < 1 in which case it coincides
with . We let #°™ denote the smooth locus of # over R. This is an R-group

scheme.

Write o = #; x g # for the product of the minimal Weierstrass models and 7 for
the smooth locus over Spec(R). We then obtain models 2~ < &/ and 2" = 2 N — o
for X < A by taking the scheme theoretic closure of X in &7 and </ respectively. As in

the good reduction case, we consider the image of the intersection:
2 (R) N pdd (R) — Zi(k)
under reduction modulo p. By precisely the same reasoning as [4.1] there are injections:

X(K) N (AJoo]®))x s 27 (R) N pe/ (R)

\ l

where (A[oo]®)) ¥ is the inertial fized part of the coprime-to-p torsion of A(K), and so
we seek to bound the image of this intersection. As we do not assume that A has good
reduction, it is no longer true that A[oo]®") is unramified (has trivial inertia action). Indeed,
if m > 0 is an integer, coprime to p, and FE; has bad multiplicative reduction then we have

a filtration:

&ilml € &ilmly € &ilml;

where these are the toric and finite parts of the group scheme respectively. We then have
that &[m];(R) & E;j[m](K)'™= = Ej{m|(K) (cf. Remark . Concretely, E;[m] is of
rank m? and the toric part F;[m]; is of rank m. In general, the finite part F;[m]; coincides
with the toric part, however if &; ; has N components and (N, m) # 1, then &;[m]; will be
strictly larger than the toric part. Under the contraction é; — #; the toric part of &;[m)|
gets sent isomorphically to the finite part of #;"™|[m)|.

Remark 8.1.1. Consider the case when F; has good reduction and F5 has bad multiplicative
reduction. Then, it is still true that the common projective torsion points of order coprime-

to-p is an unramified set:
m1(Ex[oo]®)) Ny (Ea[o0]®)) € PY(K)
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simply by noting that E[oc]®) is unramified. As m; are double covers, the set X (K) N
(B [00]®) x Fy[00]®)) is unramified, except possibly at the points of order 2.

On the other hand, suppose that E; both have bad multiplicative reduction and
that the standard double covers m; : E; — P! extend to morphisms m; p : #; — Pi.
Suppose further that the images m x(71) # m2x(72) do not coincide where 7; is the node
of #;. Then, if z; € Ei[oo](p/) are two coprime-to-p torsion points, not defined over K
(i.e. ramified), then we cannot have 7 (z1) = m(22) as these points specialise to v; and 7,

respectively. Thus, in this case we also have that:
1 (Br[o0]®)) N ma(Ba[oo] ™)) € PH(K).

In light of the above Remark, we make the following assumptions in the case of

semistable reduction:

Assumption 8.1.2. Suppose that we have pairs (Ey,m ), (Ea, ms), where Ey, Ey are elliptic
curves defined over a number field L and m, 7 are standard double covers of P!, also
defined over L. Let v be a finite place of L, unramified over a prime p > 0 and write R
for the completion of the maximal unramified extension of ﬁLm with residue field k and

fraction field K. For both curves E; (i = 1,2), we assume that one of the below scenarios
holds:

i) If E; has good reduction at v, then there is an abelian scheme:
& — Spec(R)

with generic fibre isomorphic to the given elliptic curve E, and there exists an R-
morphism:

Tir : &; — Spec(R)

that is compatible with the involution on ;g : & — &; in the sense that mir ot p =

Ti.r, and that extends the morphism of K-schemes 7; : E; — P*.

i) If E; has bad reduction at v, then there is a minimal Weierstrass model:
W; — Spec(R)
with nodal rational central fibre #%, and an R-morphism
iR : Wi — Spec(R)

that extends the morphism of K-schemes m; : E; — PY. Note that the involution
g @ W — WP extends uniquely to the node. We denote again by t; g this

extension and we require that m; g o L, p = T R.

158



iti) The set of branch points in Pt of the morphisms induced by the morphisms m g and
To.r 0N the geometric generic fibres are distinct. In addition, the set of branch points
in P! of the morphisms induced by m r and 7o r on the normalisations of the special
fibres are distinct also, and disjoint from the images in P}, of the nodes of the special

fibres, which are additionally required to be distinct.

First, we will assume finiteness of the image of:
Im(2(R) N ped (R) — Zi(k));

and show that, under Assumption [8.1.2] we can still obtain bounds on the cardinality of
this image. Note that, an obstruction to obtaining bounds analogous to Corollary
in the present context is that the special fibre of .7 is no longer proper, and so one cannot
talk about degrees of curves on this surface. On the other hand, the special fibre of the
proper model &7 is no longer non-singular (nor normal), and it is more subtle to describe

an intersection theory on this surface.

In the next subsection, we transfer the entire argument based on the ideas in [Ray83-
1] to P, X g P} using the morphism of R-schemes 7 g X 72 g and then obtain analogous
bounds on the size of the image by working in this projective, R-smooth ambient space.
Note that, even though the compactification o7 C &7 is not smooth, one can show that it
is log smooth in an appropriate sense. Using this idea, we describe a log Frobenius lifting
argument, completely analogous to Theorem to give finiteness of the image under

certain mild restrictions.

8.1.1 Bounds obtained in the case of semistable reduction

Reprising the notation of Part II, we let R; denote the truncated ring R/p* and use the
subscript ; for the base change of an R-scheme to R; and subscript o for base change to k.
Throughout this subsection, we will assume that we have pairs of standard double covers
(E;, m;) satisfying Assumption m, and that the image of the intersection:

(23 (Ry) Npeh(Ry) — Zo(k))

is finite. We first need to introduce some further notation and definitions. For i = 1,2 we

write:

[l = Wi - W;

for the multiplication-by-p map, which is in general only a rational map defined on #;*".

Since the multiplication-by-p map commutes with the involutions, we obtain an induced
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rational map, which we will denote by:

[p]% : P}% -—» P}%.

By taking products, we have rational maps:

and:
], : P}z X R P}% — P}% X R P}{

—_— ~ ~

where [p] , = [pl,. % [pl,,. Note that, over k, the above rational maps all extend uniquely

to morphisms. In particular, we obtain a morphism of k-schemes:
[Pl : Ph xx P — PL x, P

Finally, we denote by %) C % the reduced preimage of 2y under [p|.,, which is a curve
lying over the reduced preimage Vo C Py x P} of the diagonal Ay C Py x; Py under [p] , .
Let % C PL xx PL denote the open subscheme that is the complement of the images of

the node(s) of #; under m; g or equivalently:

U = (7Tl,R X 7'('273)(%) g P}% XRr P}%

—~

Then, by construction, [p|,, defines an R-morphism on %. Let A; be the diagonal in

P}h X R, P}h and A} = A; N %4. Our main finiteness result is the following:

Theorem 8.1.3. The image of the intersection:

AT(Ry) N [pl (740 (Ry)) — Ag(k)

under reduction modulo p is bounded by 2p®.

We note immediately the bounds on common projective coprime-to-p torsion points

we obtain from the Theorem:

Corollary 8.1.4. Suppose that we have a pair (Ey,m) and (Ey, 7o) of elliptic curves with
standard double covers satisfying Assumption[8.1.9, and that the image of the intersection:

Im(21(By) N pahi(Ry) — Zo(k))
is finite. Then:

[m1(Er[o0] ) N 1y (Ea[oo] ®)| < 2p° + 2.
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Proof. By Assumption [8.1.2] and the discussion in Remark [8.1.1], we know that the inter-

section ; (E) [00]®)) N my(Fy[oo]®)) is unramified. Consider the set:
(m1 X ) (X (K) N (El[oo](p') X Ez[oo](P/)))‘

This differs from the intersection 7 (F; [00]®)) N7y ( Fy[oo]®)) by at most 2 points. Indeed,
without loss of generality, this only occurs when we have points 7 (z1) = ma(z2) where
z1 € E[00]®) specialises to a node but, by assumption, 2, € F;[oo]®) does not specialise
to a node and so is K-rational. Thus, m(z;) is K-rational and z; € F1[2] \ E1[2]'% which
consists of at most 2 points. Now, arguing similarly to [4.1] we have that the intersection
X(K) N Ey[oc]®) x Fy[00]®) injects into the image of:

%(Rl) ﬂp%(Rl) — :%{)(k‘)

Moreover, by commutativity of the diagram:

Z1(B) Npeh(By) ——— Zo(k)

T1,Ry XW?Jﬁl lﬁ,kxwzk

AL(B1) N [Pl (%4(R1)) —— Ag(k)

we have that (7 x m3) (X (K) N (B [oo]®) x Ey[00]®))) injects into the image of:

—~

AT(R1) N [pl, (Z(R1)) — AG(K). =

Before we supply the proof of the theorem, we note the following:
Lemma 8.1.5. The curve Vg is nonsingular.

Proof. Let % be the normalisation of %#;; and write:
ik : Wik — Py

for the induced double coverings. By Assumption[8.1.2](iii), the preimage (71,5 x72,) "' (Ao)
is the normalisation % of the curve 2°y. Now, the morphisms % — % induced by
[plw;, : Wir — Wiy each factor as a purely inseparable map, followed by an étale map.
Thus, the reduced preimage % of 52’(; under the product of these maps is also non-singular
(it is some geometric Frobenius twist of an étale cover of 25 and in fact is the normalisa-
tion of % ; the closure of % in <7,). Now V is a quotient of @0/ by a Z/2 x Z/2-action,

with at most Z/2 stabilisers, hence non-singular. O
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Remark 8.1.6. Consider the following projective model:
Wyt =2+ 2% +p C P

When p > 2, #; is the nodal rational curve with node given by v = (0,0) € P;. One

obtains a standard double cover by considering:

WRZW—>P}%;

(x,y) — x.

By analysing the division polynomials [Sil09, Ex. 3.7, p. 105] associated to F = #j, one

obtains iterative formulae for the multiplication-by-p map:

ply = W - W;
L (8) wyle)
e (G i)
where ¢, (), 12(z) € R[z] and wy(z,y),¢¥3(x,y) € Rlz,y]. Note that:
op(z) = 4
) = o

One can see that this morphism does not extend to the node v = (0,0) by noting that,
even though ¢,(z),¢7(x) are coprime in K[z], their images modulo p (which we denote

using ™) have a common factor. Indeed, one can calculate that:

~ - gp(x)
T p(r) and =—-—= =2l
V() | dp() J2(a)

Thus, if one considers the associated Latte’s map in terms of projective coordinates [Tj :
Ty] € Pk, there exists homogeneous polynomials F,G € R[T,,T1] of degree p? such that
F(1,z) = ¢p(x) and G(1,x) = a1y’ (x) giving the expression:

HW : P}% -—» P}-‘e?
[Ty : Th| — [F(Ty, Th) : G(Ty, TY)).

F,G are coprime in K[Tp,T;], but modulo p we have that:

[F(Ty, Ty) : G(Ty, 1)) = [TF - T7).

Proof of Theorem [8.1.5 First, we note that the image is finite by the commutativity of
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the diagram, the finiteness assumption on the top row and the surjectivity of the vertical
arrows. In essence, we replicate Example [4.1.13] but instead work with bihomogeneous
polynomials in Pi x zP%. As the k-differential of [p] , is zero and % is a smooth R;-scheme

we may apply Prop. 4.1.10| to the morphism ]ﬂ1 © U — % and the curve A} — 7.

As in the Proposition, we have the following diagram on points:

(%, V) (1) —— (%, AF) (1)
l /3!/ l

Vi(k) ———— Ag(k)
where V7§ is the reduced preimage of Aj under m s and the top row consists of R;-points
of 74 which specialise to V§ and A§ respectively. Let ([T : T1], [So : S1]) be bihomogeneous
coordinates for P, X g, Py . Then we may write A; = {f; = 0} for the bihomogeneous
polynomial f; = TpS; — 115y of bidegree (1,1). We may also write the induced maps of

#; in terms of bihomogeneous polynomials with coefficients in R;:

Pl n, (Lo = Th]) = [F'(To, Th) : G(To, Th)];
[Pl g, ([S0 : S1]) = [F'(S0, S1) : G'(So, S1)]

where F, G have bidegree (p?,0) and F’,G' have bidegree (0,p?). We use the subscript
o to denote the reduction mod p of these polynomials. We assume that, without loss of
generality, 77 has bad reduction, and so %%} = G,, ;. Thus, [p]y, , drops to degree p on
G k. Consequently, Fy and Gy have a common factor of bidegree (p* — p,0). In the case
when #5 g, has good reduction, Fj and G}, are coprime. The curve V is defined to be the

reduced preimage of the pullback curve:

As the differential of both [p]y,, is zero, there is some bihomogeneous polynomial go
such that ¢ = FyGy — F|Go. Then, Vo = {go = 0} and we may pick some lifting
Vi = {g: = 0} such that bidegree(g;) = bidegree(go). By Lemma [8.1.5] V; is smooth and
so the specialisation map V1(R;) — Vy(k) is surjective. Thus, we have that:

AL(B1) N [pl, (%(Ry)) = AL(By) N [pl, (Vi(By))-

Now, as g7 and F1G| — F|G; are congruent modulo p, there is some bihomogeneous poly-
nomial h; such that:

From this expression it is clear that h; has bidegree (p?,p?). Suppose that b; € A(Ry) N
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ﬁdl(vl(Rl)) Then f1(b1) = 0 and there exists some a; € Vi(R;) (i.e. g1(a;) = 0) such
that [p] . (a1) = by. This implies that ho(ag) = 0 and thus, the set of points by that arise

this way comprise the set:

9., ({bo € (k) | holae) = 0 and f(ao) = 0}).

By the finiteness assumption, the bihomogeneous polynomials hy and f; have no common
component and so a bound on the cardinality of the above set is given by the intersection

number:

(p.p) - (p°, %) = 2p°.

8.1.2 Finiteness and methods from log geometry
Extending the multiplication-by-p map to proper models

We will now discuss the finiteness of the image:
m (21 (Ry) Npai(Ry) — Zo(k))

as was assumed in the previous subsection.

Theorem 8.1.7. Suppose that (Fy,m) and (E2,m) are two elliptic curves together with
standard projections defined over a number field L. Assume that E; has bad multiplicative

reduction with the standard projection extending to the minimal Weierstrass model:

\/

Spec(R

and that Ey has good ordinary reduction with standard projection extending to the Néron

\/

Spec(R

model:

We further assume that the elliptic curve Ey over K has a Tate parameter ¢ € K* that is
a p-th power of a uniformiser in K. Then Assumption implies the image:

m(231(Ry) N pei(Ry) — Zo(k))
18 finite.
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To prove Theorem [8.1.7] we will follow the structure of Raynaud’s argument illus-
trated in Lemma [4.1.20] and generalise it to log smooth curves. The proof requires a
number of preparations. The non-liftability of the Frobenius used in Raynaud’s argu-
ment only holds if one works with proper curves, so as a first step, we will extend the
multiplication-by-p map for certain elliptic curves with bad multiplicative reduction to
some proper models of these curves over Spec(R); this will justify the somewhat technical

assumption that the Tate parameter ¢ above is a p-th power of a uniformiser.

Definition 8.1.8. An admissible factorisation of the multiplication-by-p map on a pro-

jective model & — Spec(R) of an elliptic curve E/K consists of the following data:

i) An R-morphism ¢: & — & whose restriction to the generic fibre is the multiplication-
by-p map [p|g: E — E.

ii) A flat, projective R-scheme &’ — Spec(R) with R-morphisms
& ag & Be &

such that ¢ = s o ag, the morphism ago: &y — Fy induced by restricting « to the
special fibres is the relative Frobenius morphism (so that .%; is the Frobenius twist

of &), and that the morphism S is étale.

Proposition 8.1.9. Let /R be the minimal proper reqular model of an elliptic curve
E/K. Suppose that either the special fibre €}, is an ordinary elliptic curve, or that it is a
Néron N-gon with p dividing N. Then E admits an admissible factorisation.

Proof. In the case when %, is a nonsingular ordinary elliptic, this has already been observed
in |4.1.3 Indeed, € coincides with the Néron model &/R and we set & = & /& [p]°. Then

if we set ae : & — &' to be the quotient, one obtains a factorisation:
pls: & 25 & L2 &

where (¢ is the separable isogeny dual to ag. Consider now the case when 6, = Py, is
a Néron N-gon with N = p - m for some integer m > 0. The main point is that, since p
divides N, the kernel of multiplication-by-p, &[p] on the Néron model & C €, is a finite
flat R-group scheme that acts on ¢ (cf. [6.2.3). Then by [Ray66], we obtain a quotient
¢" .= € /&[p] that is an integral, projective, flat R-scheme (by part (i) of the Theorem in
loc. cit.), and the quotient morphism ¢ — %" restricts to the multiplication-by p on the

generic fibre. Moreover, the connected-étale sequence of &[p] is given by:

0 — ppr — Ep| — Z/pZ — 0
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by considering the exact sequence of Gx-modules in Prop. [6.1.15 for example. Letting
€' = € /1y r we then obtained the desired factorisation:

C — € — €.

The geometry of preimages of the diagonal under certain covering maps

We work over an algebraically closed field k of characteristic p > 2 and consider:

Y

i) A nodal rational cubic Cy/k with a degree 2 covering 7: Cy — P!. Let ag : P! =
Cy — Cy be the normalisation morphism. Then the composition 7 = agor : Pt — P!
is branched in two points which we may take to be 0,00 € P'. Let 8: Py — Cp be
the étale, degree N cover of Cy by the Néron N-gon.

ii) An elliptic curve Ey over k with a standard double covering 7: Ey — P! branched in
four points a, b, ¢, d. We assume the branch loci {a, b, ¢,d} and {0,000} are disjoint.

Let v € Cy denote the singular point. We also assume that:
7(7) ¢ {a,b,c,d}.

Let Ag C P! x P! be the diagonal. We wish to understand the geometry of the

preimage curve:
['=((yorT) X 7T)_1 (Ag) C Py x Ey.

This can be reduced to determining the geometry of:

T=(7xmn) " (A) cCyx Ep.

Proposition 8.1.10. The curve I' is a connected curve with N connected components, each
of which is a non-singular curve of genus 3. The nodes of I' are precisely the pairwise,

consecutive, transverse intersections of the components.

Proof. 1t is easy to see that, since the sets of branch points for 7 and 7 are disjoint, the curve
T is non-singular and irreducible. Indeed, non-singularity can be checked étale-locally, and
irreducibility holds because, again looking étale-locally one sees that, if I' were reducible, it
would split into two components permuted by the covering group Z/2Z x Z/2Z, but again
since the sets of branch points for 7 and 7 are disjoint, a local argument shows that no
subgroup Z/2Z of Z/2Z x Z/2Z acts trivially on the set of components. As I is a double

cover of both 50 and FEy we see that:
T~ 2(60 + E()) S DIV(CV'O X E[))
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The canonical class Kg of S = 50 x Fy being —250, we can calculate the genus of I':

— 11— —
g(F):EF-(IW—KS)—I—l:B

by adjunction. Let {v1, 15} = ag (7). Since we assumed that 7(v) ¢ {a, b, c,d}, it follows
that T intersects {11} x Ey and {15} x Ey transversely in S. O
The connection to torsion points

Suppose now that we are given two elliptic curves E7, Fy over K with standard projections
m; as in Theorem [8.1.7 Then, with the hypotheses and notation of [8.1.2] the minimal
proper regular model ¥ — Spec(R) of £} has special fibre given by a Néron p-gon, whereas
& — Spec(R) has special fibre given by an ordinary elliptic curve. Using Proposition ,

we produce admissible factorisations:

ayy Bw,
C — € ——=W;

ag Be.
gg —>-2 52/—>2 ébg;

where 7/ is the minimal Weierstrass model of ;. We set:
) B=C xp&, B =F xp&, o=Wxpb.
ii)  =ay Xpasg, B=PFn Xrbs-
to obtain a composition of morphisms of R-schemes:
BT LT

where [ o « restricted to the generic fibre is the multiplication-by-p map on the abelian
surface Fy X Fs, [ is étale, and « restricts to the relative Frobenius on the special fibre of
2. By the assumptions made in Theorem we are also given standard double covers

7 B — Pl i=1,2 extending to double covers:
7T17RZW1—>P1112 and 7T27RZ£72—>P}{.

Writing Apr C Pk x Pk for the diagonal, we take 2~ = (m1.p X To.r) (Ag) — /. We
then define:
Z =Y Z)CA.

Furthermore, we write % for the reduced preimage of 2%, under ag: <% — %,. (Again, we

denote R, := R/p"™ R, and use a subscript ,, to denote the base change of an R-scheme
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to R,,.) €™ = & is the Néron model of E; and we write &) = &1/ r = (€7)*™. Then we

obtain the abelian R-schemes:
B = (g)l XRéDQ, B = éall XRé&QI, o = Wlsm XRéDQ.

Let 2 = Z N/ and & = Z NP denote the corresponding curves in o/ and %’

respectively. We would like to show the finiteness of the image of:
21 (Ri) N pah(Ry) — Zo(k).

Let ¥ = (%1,%)(Ry) denote the set of points in % (R;) that specialise to the curve
W = %N By C By. We also write A = a1 (X) € %, (R,). Then, by construction:

pX = Bi(A) = (4, Zo)(Fr) N psh (1)

and so:

Lemma 8.1.11. If the image of AN Z4(Ry) in Z9(k) is finite, then the image of Z1(Ry)N
paty(Ry) in Zo(k) is finite.

In Theorem we assumed that the elliptic curve F, over K has Tate parameter
q € K* that is a p-th power of a uniformiser ¢’ € K: ¢ = (¢’)P. This assumption is essential

for the following density statement:

Proposition 8.1.12. If the image of AN Z(Ry) in Z5(k) is infinite, then this image is

infinite in every irreducible component of Z.

Proof. This follows from the rotational symmetry of the situation. By Prop. [6.1.15] the

short exact sequence of G g-modules:
0 — puy(K) — Ey[p|(K) — Z/pZ — 0

is split. On the Néron model &7, this corresponds to the existence of an étale subgroup
scheme & [p]** C &, where the p sections & [p]®(R) respectively pass through the p com-
ponents of the special fibre &), = G, X Z/pZ. Restricting to R; and taking the image
of these sections under a; : %, — @11, we obtain an action on ] by translation by
&[p]® x {Id}. If the image of AN 27(R,) in Z(k) is infinite, then clearly it is dense on
some component of Dy C Z,. However, for any other component of %, there are sections
o1 € a1(&[p]* x {Id}) and z; € Z7(R,) such that zy € Dy(k) and oy + x; specialises to

this component. O
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Log deformation theory and Frobenius liftings

We now define log structures on the models of curves and abelian varieties we have con-
structed. Recall the construction in Example [7.3.13] We give Spec(R) the divisorial log

structure and then define the morphism of Rf-log schemes:
F.U"— T,

where the underlying morphism of schemes is given by:

P =spee () s spec ()

(xy —m uv — mP)

(z,y) — (2", 9")
and the log structure is given by the chart of monoids:

N2 -p

Rlz,y] 2 2
s N“®yN «— N

~

Rlu,v]
(uvw’l’)/ N < p N
R

As discussed, T and #T are both log smooth over Spec(R)" and the restriction of F' to the
standard log point Spec(k)' is given by the log relative Frobenius Fy : ?/,j — ”f/,j. As the
curve Fs has good reduction, the proper regular model & /R is smooth and so continues
to be log smooth with the trivial log structure. On the other hand, the minimal proper
regular model %] of F; fails to be smooth at the p nodes of €. For each such node, there
is an étale neighbourhood % — €. We define the log structure on ¢ by taking an étale
cover by p copies of % and then taking the trivial log structure on the smooth locus of %}

over R.

Similarly, the images of the nodes of 6, in ¢’ = €/, r correspond to p cyclic
quotient singularities of the arithmetic surface, and we can define a log structure as above
using the charts ¥ — %’ in neighbourhoods of these singular points. The morphism of
log schemes F' : %1 — #T then furnishes the quotient 4 — %" with the structure of a
morphism of log schemes. We take the product log structure on %' and (@,)T, and as the
morphism % — o is finite étale, we also obtain a log structure for o7. Finally, we take

% and 2 to have the respective pullback log structures as closed subschemes. Note that,
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by the description of the étale charts, all log schemes are log smooth over Spec(R)T.

Consider the reduced preimage curve %T — (@S)Jr (again with the pullback log-
structure). Etale—locally around the nodes of %T, there is a chart given by @/OT by con-
struction. Thus, %T — (@g)T is log smooth and we may pick an abstract log smooth
lifting:

D — Spec(Ry)!

by Prop. [7.3.11L We will show that there exists a lifting WlT — ET of the log relative
Frobenius on WOT when the image of AN Z(Ry) in Z(k) is infinite. As a first step we
note that:

Lemma 8.1.13. There exists a canonical morphism of log schemes:

dg1

[

%T c , %T o (%/)T

such that the diagram commutes, and satisfying g1(#1(R1)) = A where %] is the smooth

locus of % over Ry.

Proof. We wish to mimic Lemma [4.1.20|in the present log setting. As @I — Spec(Ry)" is
log smooth, applying Prop. [7.3.12] there is a lifting:

?;7/ —> Spec(Rl)Jf

that exists étale-locally. Two such lifts differ by a derivation [Ser06, Section 1.1], but since
the differential of o : By — @6 is zero, we get a well-defined map to @/1 if we post-compose
with ;. Since these morphisms are defined étale-locally on the source, these local lifts

glue to a morphism:
-/

_T J—
g Y — (B)".
The property g1(#1(R1)) = A can be seen from the local construction. Indeed, the inclusion
91(#1(R1)) C Ais clear. To see the reverse inclusion, if we take a;(x1) € A, then zq € %.
As we are in the smooth locus, we may take some w; € #,(R;) such that wg = zy. By

altering the local lifting hy by a translation, we may assume that hq(w;) = g1(x1). O
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Lemma 8.1.14. Suppose that the assumptions of Proposition are satisfied, in par-
ticular, the image of AN Z(Ry) in Zy(k) is infinite. Then, the morphism «y induces a

first order infinitesimal lifting of the log relative Frobenius:
il vl
u ¥, — &,

Proof. We wish to show that the morphism ¢g; of Lemma [8.1.13| factors through the closed
subscheme ?J{ in (@/I)T We denote by @/1 the fibre product:

This is a closed subscheme of %;. We will show that in fact %, = @/1 and so the first
projection gives the desired lifting. Since we assume that the image of AN 2 (Ry) in Z5(k)
is infinite, this image is infinite in every irreducible component of 2, by Proposition .
Therefore, there is a set of sections in @;(Rl) with Zariski dense image in every irreducible
component of the special fibre of 2. Then @/1 is schematically dense in %/, by [EGA, IV,

11.10.9]; and so these schemes are equal. O

We conclude by showing that such a log smooth curve cannot admit a lifting of the

log relative Frobenius.

Lemma 8.1.15. Suppose C] — Spec(Ry)! is a log smooth curve. Assume that there is a

non-singular component Cj C Cy for which:
Qlcg/m|06 = wer(z1 + o+ 1)

has positive degree on C{, where xy,...,x, are either log marked points of C{, or nodes of
Co. Let ch/m : Cg — (C’g)(p) denote the log relative Frobenius. Then there exists no
morphism of log schemes I : C’I — DI that restricts to ch/m (where DI/R s some log
smooth curve specialising to (C1)® /kt).

Proof. We argue similarly to [Ray83-2, Lemma 1.5.4]. First, since C1 — Spec(R;)! and

D} — Spec(Ry)! are log smooth curves, the sheaves of log differentials QICI /Rl and QIDI /R]

are locally free of rank 1 and we have a natural functorial morphism of these lines bundles:

Ff‘:F{"(Q1 )—>Q1

D}/R] C{/R}

(cf. [Grll], p. 115-116]). Since the differential of Fj is zero, the morphism of line bundles
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FY factors through pQéT o Dividing by p, we obtain a morphism:
1

/. * 1 1 .
T FO (QDg/kT) — QC;/kT’

which corresponds to a morphism 7: ! — (Fp)«(2L, ) by adjunction. On the other

Dy e
hand, we have the log Cartier operator:

1
Dl /Kt

G (F). QL) — O

103/1:*)
Again, we have that liftings of the log Frobenius correspond to sections of the Cartier
operator in the sense that 7 o ¥ = Id. Indeed, away from log marked points and singular
points, the equality is clear from Prop. where the log Cartier operator coincides with
Cartier operator on non-singular curves. On the other hand, the log Cartier operator is
constant on log differential forms dlog(m) (Theorem [7.3.14). The description of Fj in
Lemma [7.3.9] tells us that:

F; (dlog(m)) = dlog(F}' (m)) = p(dlog(m))

and so 7’ is also constant on such log differential forms. In particular, both of these

1

maps are non-zero. Now, §) restricted to Cj is nothing but wey (327 @), which we

Cy/kt
assumed to have positive degree d > 0 say. Then F{} (Qéf / k:T) will have degree p - d on the
0
corresponding component D}, = (C))® of Dy. This is a contradiction as ! has the

D /kt
same degree d when restricted to Dj, but there cannot be a nonzero morphism from a line

bundle of degree p - d to one of degree d when d > 0. O
We can now finally put everything together:

Proof of Theorem[8.1.7]. If the conclusion of the Theorem does not hold, then in particular,
by Proposition [8.1.12/and Lemma[8.1.11} we are in the context of Lemma[8.1.14] The curve
I' from Proposition has p components consisting of non-singular curves of genus 3,
arranged in a chain. Thus, Q%f Ikt restricted to an irreducible component has positive

degree. The finite étale cover:
1dxBe, k
/ 27
Pp,k X 5}2716 — Wl,k X éazk

restricts to an étale cover 2y — I' of degree p. Thus, Q%f o restricted to an irreducible
Q

component still has positive degree, contradicting Lemma [8.1.15] O

172



Part 1V

Appendix

173



Appendix A

Estimating the Serre-Tate coordinate

of an elliptic curve

A.1 Canonical liftings modulo p”

Let K be a field of characteristic 0 that is complete with respect to a discrete valuation v
extending the p-adic valuation. Suppose that F/K is an elliptic curve with good ordinary

reduction. Recall that one has a short exact sequence of Ix-modules:

0 — pp(K) — EPp"|(K) — Z/p"Z — 0

for each n > 0. To obtain tractable bounds for Theorem [5.1.10, it was important to
understand when this sequence is split. This is completely determined by the Serre-Tate
coordinate \ associated to E. Write m C R = O, for the valuation ring and k for the

residue field. We assume that K is maximally unramified i.e. k is separably closed.

Proposition A.1.1. Let E/K be an elliptic curve with good ordinary reduction. Write
& /R for the Néron model and &,/R,, for the base change to R, = R/m" ™! for an integer
n > 0. Writing A € 1 +m for the corresponding Serre-Tate coordinate, the following are

equivalent:
i) v(A—1) > n.
ii) X is a p"-th root in R.

iii) The short exact sequence of G -modules splits:
0 — ppn(K) — E[p")(K) — Z/p"Z — 0.
iv) The short exact sequence of R-group schemes splits:

0 — ppngp — EP"] — Z/p"Z — 0.
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v) The corresponding short exact sequence of R,-group schemes splits.
vi) The absolute Frobenius Fg 1, : & — & lifts to a morphism F, : &, — &,.

When any of the equivalent conditions hold for the model & /R of an elliptic curve
E/K, we say that &,/R,, is the canonical lifting of &,/k modulo p™.

A.2 Estimating the Serre-Tate coordinate

As far as we are aware, there are no explicit formulae for the Serre-Tate coordinate A of

an elliptic curve E// K, however, one can say something about the valuation v(A — 1):

Proposition A.2.1. Let E/K be the elliptic curve:
y2 + a1y + azy = 3+ a2x2 + a4x + ag
and consider the invariants:

by = a% +4ay, by =ajaz+2a, and bg = ag + 4ag;

Cqy = bg = 24b4 and Ceg — —bg + 36b2b4 — 216b6

Suppose that E specialises to an ordinary elliptic curve & /k. Write &" /R for the canon-
ical lifting of & and X for the Serre-Tate coordinate of &. We then have:

v(ey it j(&) = 0;
v(A = 1) = v(cg if  j(&) = 1728;
v(j(E) — j(&m)) it j(&) #0,1728.

)
)

Proof. See [Kr97, Appendix, Prop. 3. O

Writing jo = j(&y), as & is definable over W(k), we can express j(&") =
(Jo, J1, J2, ---) as a Witt vector. &" is determined by &, so one can view each j; as a

function of j,. Tate was able to prove the following formulae hold for small primes:

. . 3jo +4o  if p=5;
J1="10jo) =4 6
3jo0+558 if p=T.

In fact, J; is always a rational function in F,(X) when p > 5 [Fin10].
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Appendix B

Bogomolov’s result on homotheties

B.1 Homotheties of the p-adic Tate module
Let A be an abelian variety over a number field L. Let p > 0 be a prime number and set:
Vo(A) =Q, Kz, T,(A);

where T,(A) = Hm_ A[p"](L) is the p-adic Tate module. Note that dimg, V,(A) = 2g where

g = dim(A). There is an associated p-adic representation:
p: Gl — Aut(V,(4)):

where G, = Gal(L/L). We say that an element s € G, is a homothety if it acts on V},(A)

by scaling. Namely, there exists some element A € Q; such that:
s(x) = Az forall z €V (A).
Theorem B.1.1. There exists an integer m > 0 and an element s € G such that:
s(z) = l;

for all z € Afoo]®) where | =1+ p™.

Proof. See [Bog80, Cor. 2]. O

B.2 Application to torsion points on curves

Let X — A be an integral curve in an abelian variety defined over a number field L.
Suppose that X # X +a for any element a € A(L). Using the existence of the homotheties
in Theorem |[B.1.1, we are able to prove the following without any assumption on the
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reduction type of A at a prime p > 0:

Proposition B.2.1. Let p > 0 be a prime number. For all a € A(L), the intersection:
(X + a) N Afoc]®

18 finite, of cardinality bounded by some integer N > 0 where N is independent of a.

Proof. The following proof is adapted from [Ray83-3, Section 7]. Fix some positive integer

n)

[ > 0. For all points a,b € A(L) we iteratively define the closed subschemes U, C(L,b C A as

follows:
i) Ué?g = X;
i) U +a= U +a) 01310 +0).

Note that U éTl) cU é? form a decreasing sequence of closed subschemes and so become

stationary at some closed subscheme U, ; satistying:
a(Uap +a) CUsp+0.
We now show that U, is finite. Take a point € A(L) such that (I — 1)z = a — b and set:
W =U,p+a+ .

Then [[]4(W) C W. Suppose that W' C W is an irreducible component of maximum di-
mension. Then we also have [{] (W) is an irreducibile component of maximum dimension,
and so we may assume [I],(W') = W’ without loss of generality, for some r > 0. But then
W' is a translate of an abelian subvariety of A and by assumption on X, we have that W’

is dimension 0.

Let s € G, be the homothety from Theorem [B.1.1, Abusing notation, we extend s
to an automorphism of A(L). Suppose that z € (X +a)(L) N A[oc]®. Then 2 = u + a for

some u € X (L) and s(u+a) = s(u) + s(a) = {(u+ a). On the other hand:
s(u+a) = s(u)+ s(a) € X + s(a)

as X is defined over L. Thus u € U, ) and so the desired intersection is finite. O
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